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ABSTRACT

A new crack bridging model accounting for slip-hardening interfacial shear stress is derived for randomly
oriented discontinuous flexible fibers in cement-based composites, based on a micromechanics analysis of
single fiber pull-out. The complete composite bridging stress versus crack opening curve (oz-6 relation)
and associated fracture energy are theoretically determined. A micromechanics-based criterion which
governs the existence of post-debonding rising branch of the gp—d curve is obtained. Implications of the
present model on various composite properties, including uniaxial tensile strength, flexural strength.
ductility and critical fiber volume fraction for strain-hardening, are discussed together with an example of
a 2% polyethylene fiber reinforced cement composite. It is found that the present model can very well
describe the slip-hardening behavior during fiber pull-out which originates from fiber surface abrasion at
fiber/matrix interface. In addition, the new mode! predicts accurately the enhanced toughness in terms of
both ultimate tensile strain and fracture energy of the composite and resolves the deficiency of constant
interface shear stress model in predicting the crack opening and ultimate strain, which are critical for
material design of pseudo strain hardening engineered cementitious composites (ECCs). ¢ 1997 Elsevier
Science Ltd. All rights reserved.

Keywords: A. fracture toughness, A. ductility, B. fiber-reinforced composite material. B. concrete. slip-
hardening interface.

1. INTRODUCTION

Introduction of fibers in a cement-based matrix can significantly increase the failure
strain and fracture toughness of the composite by orders of magnitude (e.g., Krenchel
and Hansen, 1987 ; Naaman, 1992; Li ¢t a/., 1995a ; Maalej et al.. 1995). The under-
lying mechanism is that fibers undergo debonding and sliding against matrix and
stabilize matrix cracks by exerting closure traction on the crack surfaces (Aveston et
al., 1971 ; Marshall et al., 1985 ; McCartney, 1987 ; Hutchinson and Jensen, 1990 ; Li,
1992). If properly designed, intact bridging fibers can transfer sufficient load after
first cracking to allow the composite to undergo multiple cracking and show strain-
hardening behavior (e.g., Li and Leung, 1992 ; Li and Wu, 1992). Figure 1(a) shows
general features of the uniaxial tensile stress—strain relation of such a strain—hardening
cementitious material compared to brittle and quasi-brittle materials (e.g.. plain
concrete or ordinary fiber reinforced concrete (FRC)). Three typical deformation
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Fig. 1. (a) Schematic illustration of uniaxial tensile stress—strain curves for brittle, quasi-brittle and
strain-hardening cementitious materials. (b) Schematic of three deformation stages of a strain-hardening
cementitious composite during a uniaxial tensile tes.
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Fig. 2. Tensile stress strain curves of 2% polyethyvlene fiber (with and without prior argon plasma treat-
ment) reinforced cement matrix composites (after Li ef a/l., 1995a).

stages associated with a uniaxial tensile stress -strain relation of a strain-hardening
cementitious composite, namely, elastic deformation. multiple cracking and damage
localization, are shown schematically in Fig. 1(b). In fact, the ductility of such an
engineered cementitious composite (ECC) is so high that it is more akin to metal than
conventional concrete (Fig. 2). The potential of the composite material is best utilized
by stable multiple cracking in contrast to catastrophic failure due to single crack
propagation in plain concrete or FRCs. A comprehensive review of micromechanical
models of mechanical response of high performance fiber reinforced cementitious
composites (HPFRCC) was recently provided by Li et al. (1995b).

Over the last decade, micromechanical models for fiber reinforced cementitious
composite materials have gradually evolved in sophistication so that a structural
performance driven material design has been made possible (Li, 1993). The most
crucial link between the properties of fiber, matrix and fiber/matrix interface and that
of a composite is the crack bridging stress- crack opening relation (o5-d relation). In
general, a gy 0 relation defines the ultirnate stress and strain of a uniaxial tensile
stress—strain curve (o, and &, in Fig. 1(b)) and the energy consumption due to fiber
bridging, which in turn control the strength, ductility and fracture toughness of a
structural member. Therefore, a reliable stress-strain relation of a composite based
on a micromechanical model is needed in order to design a composite material that
can meet the performance requirements of a structure.

For randomly oriented discontinuous flexible fiber reinforced cementitious com-
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posites, Li (1992) derived a crack bridging model based on constant frictional interface
stress (hereafter designated as the constant-t model). This simple model can predict
the postcracking stress-displacement relation and pullout fracture energy exper-
imentally determined for both steel-fiber and synthetic-fiber reinforced cementitious
composites of widely varying micromechanical parametric values. However, dis-
crepancies have been observed with this constant-t model when it comes to those
fiber/matrix systems with strong slip-dependent interface behavior, especially for
crack opening prediction at maximum bridging stress. In some cases, the constant-t
model predicts much smaller crack opening than that from direct measurement at
maximum stress under direct tension for materials with strain-hardening behavior, as
can be seen later in this paper. A new crack bridging model that takes into account
the slip-dependent interfacial shear stress is needed to resolve this problem.

The phenomenon of slip-dependent interfacial shear stress, namely, the interfacial
shear stress depends on the local slippage distance between fiber and matrix, has been
suggested by a number of researchers. Wang er al. (1988) found that for nylon and
polypropylene fibers, it was necessary to have an increasing interfacial shear stress
with slippage distance (slip-hardening interface) in order to describe the experimental
pull-out curves while for steel fibers, a decreasing t with slippage distance was needed.
Shao et al. (1993) used a Moiré interferometry technique to measure the in-plane
displacements around the continuous steel fiber/cement matrix interface and they
calculated the interface slip and the interface shear stress in the so-called *break-down’
zone where the interface shear stress decayed with increasing value of the slip distance
(Liand Stang, 1996). Slip-dependent interface behavior has also been found in aligned
continuous fiber reinforced metal and ceramic matrix composites (Yang et af., 1991 ;
Holmes and Cho, 1992). Several crack bridging models were developed by Bao and
Song (1993) for these aligned continuous fiber composites. Most recently, Li and
Stang (1996) provided a review article on characterization and control of various
interface properties, including slip-hardening and softening effects, for discontinuous
fiber reinforced cement composites.

In general. the slip-dependent interface shear stress can be attributed to fiber surface
abrasion, asperity wear, fragmentation of fiber coatings at the debonded interface,
etc. In particular, for synthetic fiber (usually polymeric fiber)/cement matrix
composites, fiber abrasion is most likely the mechanism behind slip-hardening inter-
face behavior. Due to the relatively low hardness of polymeric fibers, severe surface
abrasion may occur when fibers try to slip against the rough surrounding matrix with
higher hardness. Fiber debris, often observed in the form of stripped fibrils, will
accumulate at the debonded interface as slippage increases and create a ‘jamming’
effect to make fiber slipping more difficult and hence increases the interface shear
stress.

In this paper, we will focus on discontinuous synthetic fiber/cement matrix systems.
A simple interface constitutive relationship is adopted to quantify the slip-hardening
interface behavior. Theoretical models for single fiber pull-out curves are then con-
structed with comparison to experimental results of polyethylene fibers (Spectra 900).
A crack bridging model accounting for random fiber oricntation, fiber snubbing effect
and slip-hardening interfacial shear stress is derived based on the interface constitutive
relation and a micromechanical model for single fiber pull-out. Implications of this
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Fig. 3. Linear slip-hardening interface constitutive relation.

crack bridging model are discussed along with an example of a 2% poly-
ethylene/cement composite to illustrate the effects of slip-hardening interface behavior
on various properties of the composite material. Conclusions are drawn at the end of
this paper.

2. INTERFACE CONSTITUTIVE RELATIONSHIP

To characterize the slip-hardening intertace behavior. a model relating interface
shear stress 7 and interface slip S (relative displacement between fiber and matrix)
must be developed. Equation (1) 1s a general form of such a relation where both t
and S should be understood as functions of position along the interface when slip is
non-uniform as in the case of a fiber bridging across a matrix crack.

7= 1(S). ()

For simplicity, a simple two-parameter phenomenological model proposed by Bao
and Song (1993) is adopted, which describes a linear dependence between T and S as
follows

7= 1,(1 + BS/d,) (2)

where 7, is the frictional sliding shear stress at the tip of debonding zone where no
slipoceurs (S = 0). fis 1 nondimensional hardening parameter and d, is fiber diameter.
Figure 3 illustrates this so-called linear hardening model. The constant-t model
(f = 0) is a special case of (2). Both 7, and ff need to be determined empirically either
by curve-fitting a single fiber pull-out P-d curve (Wang et al., 1988) or by direct
measurement using Moiré interferometry (Shao et af.. 1993). Calibration of these two
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parameters from a single fiber pullout test will be discussed in the next section. It
should be noted that (2) is the building block for our subsequent theoretical modeling.
7, and f will enter the crack bridging model as basic micromechanical parameters
which control the mechanical properties of the composite material. It should be made
clear that 7, and f represent the constitutive behavior of a fiber/matrix interface and
they should not change with different experimental set-ups. Equation (2) may require
additional higher order terms (Wang e¢r a/., 1988) to describe a complete single fiber
pullout curve very accurately. However, given the practical crack opening in the order
of sub-millimeter in a composite. the initial rising portion after the fiber is fully
debonded is the most important (as will be seen shortly), and (2) will be sufficient.

3. SINGLE FIBER PULLOUT

Consider an isolated fiber loaded at its end with a force P resisted by a slip-
dependent interfacial shear stress 7 (e.g. equation (2)) at its interface along its length
I embedded in a cement matrix (Fig. 4). The fiber and the matrix are taken as elastic,
with Young’s modulus E; and E,, respectively ; the effect of Poisson’s ratio and the
elastic bond between fiber and matrix are neglected. The fiber, with diameter d, is
assumed to be frictionally bonded to the matrix, and thus debonding of the fiber
should be understood as the activation of interfacial frictional slip. Before debonding
reaches the embedded end of the fiber, the entire fiber/matrix interface is divided into
two regions: the intact region and the debond/slid region with length /. As load P
increases, £ increases. Complete debonding occurs when # reaches its maximum value
L. the fiber embedment length. Then the fiber is assumed to be pulled out of the
matrix without rupture in a rigid manner, meaning the elastic stretch of the fiber
compared to the fiber end displacement during the pullout stage is negligible. It can
be shown that the relation between load P and the displacement of the loaded-end of
the fiber is given by (Appendix I)

| 13 0
0
&
£ _____5_vz
P

(a) (b)

Fig. 4. Schematic of fiber debonding (a). and pullout (b).
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and P = 0 for 6 > L. VV;and V,, are the volume fractions of fiber and matrix, respec-
tively. 8, corresponds to the displacement at which debonding is completed along the
full length of the embedded fiber segment.

To examine the validity of (3) and (4) for a fiberymatrix system with slip-hardening
interface behavior, experimental single fiber pull-out curves for polyethylene fibers,
both with and without plasma treatment, in a cement matrix, are plotted in Fig. 5
along with theoretical predictions of (3) and (4). Plasma treatment of the fiber modifies
the surface reactivity and wettability between the fiber and cement (Li et al., 1996).
As can be seen from the experimental results shown in Fig. 5, plasma treatment also
increases the rate of slip-hardening (indicated by a steeper slope after the first bend-
over point). The two parameters 7, and ff are obtained by the following procedures:
(a) use the load at first bend-over point ( full debonding point) to obtain 7, since the
fiber slip is usually small up to full debonding point (6 < &, ~ 10" um) and the
influence of f is negligible ; (b) with 7, fixed, adjust # (usually of order 10" to 10~
for synthetic fiber/cement matrix systems) to match the slope of the pullout curve
after the first bend-over point ; (¢) further fine-tuning may be needed to achieve a best
fit. Clearly, as can be seen from Fig. 5, the theoretical model can capture the key
features of a single fiber pullout curve. When displacement is large (after the load
reaches maximum value), the theoretical curves start to deviate from the experimental
data due to the possibility of saturation of slip-hardening. On the other hand, the
constant-t model is clearly not suitable for describing the P-é relation of these
fiber/matrix systems due to its inherent deficiency of not taking into account the
change in interfacial shear stress during fiber pullout.

Equations (3) and (4) are for fibers pulled out in a direction along the fiber axis.
For nonaligned fibers, as in randomly distributed discontinuous fiber reinforced
cementitious composites, various studies have indicated an angle effect on the pullout
load P. For flexible (in bending, dependent on elastic stiffness and fiber diameter)
steel and polymeric fibers, Morton and Groves (1976) and Li er al. (1990) found an
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Fig. 5. Predictions by slip-hardening single fiber pullout model (3) and (4) (with 5 = 0) in comparison with
experimental resuits (from Li ¢f al., 1995a) and the constant-t model (Li. 1992): (a) spectra 900 fiber

without plasma treatment, and (b) the same fiber with plasma treatment.
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increase of P with angle ¢ of inclination of fiber to the loading axis. This snubbing

effect could be incorporated into the pullout force P by recognizing
P(O:§) = P(3:p = 0)e (6)
where f'is a snubbing coefficient and can be experimentally determined. Experimental
tests of fiber pullout at inclined angles up to 80 degrees suggest f-values of 0.7 and 0.9
for nylon and polypropylene fibers embedded in a normal-strength mortar matrix.

4. CRACK BRIDGING MODEL

For a composite with randomly distributed discontinuous fibers of volume fraction
Vi, Lietal. (1991) showed that the composite o0 curve can be predicted by averaging

over the contributions of onl/y those individual fibers that cross the matrix crack

plane:
\ 4 V!; n 2 Ml Qeose ‘ _
ag(0) = -, P& p(P)p(z)dzde¢ (7
ndy Ja=0

where p(¢) and p(z) are the probability density functions of the orientation angle and

centroidal distance of fibers from the crack plane. respectively. For uniform random

Joa

distributions, p(¢) = sin¢, and p(z) = 2/L; (Li et al., 1991).
For composites with linear slip-hardening interfaces, using (3)-(6) in (7). we find
(Appendix 1) that the a0 relation is given by

~

1 / (§ A
cosh ' [ 1+/+,
\ 0 \/

2
-
O
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where
G, = —%gr(, Vi(l+n)L,/d;, 9
k=awl;,/(2d); /7 = cosh(k)—1, (10)
T o - T 2d1
0= 08,(L/2), O* = ¥ [cosh(k) —1]/(L¢/2) (1)
and ¢ is the snubbing factor related to the snubbing coefficient f by
2
e Hf 2
q—4+f3(l+< ). (12)

Since &* is the crack opening (normalized by 1.;/2) at which all fibers have completed
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Fig. 6. Pre-debonding crack bridging relation predicted by (8a). & = 0 indicates the special case of constant
interfacial shear stress (t = 1,).

debonding from the matrix, we shall denote the first equation in (8) as pre-debonding
relation and the second one as post-debonding or pullout relation. Plotted in Fig. 6
is the pre-debonding relation with various & values ; £ = 0 corresponds to the constant-
T case. For most synthetic fiber/cement matrix systems, k is less than 107!
(to/E; ~ 107* . B ~ 10 %.» ~ 10", and L/d; ~ 10%) ; hence, the effect of slip-hardening
is negligible at pre-debonding stage. This i1s due to very small slippage that fibers
experienced during this stage. On the other hand, the effect of slip-hardening will
become more pronounced during pullout stage since fibers undergo large slippage
relative to the matrix. It is indeed the case as shown in Fig. 7. The single controlling
parameter in this post-debonding relation is SL,/(2d;), which is a combination of slip-
hardening coefficient and fiber aspect ratio. Asindicated by Fig. 7, there is a transition
value of BL./(2dy) beyond which the normalized post-debonding crack bridging
relation will show a rising branch. This is the most important finding in the present
work.

Physically, the critical value of SL,/(2d;) governing the existence of a rising branch
of the post-debonding crack bridging relation reflects the trade-off between two
competing effects: slip-hardening induced load increase and fiber pullout induced
load decrease. In addition to a sufficiently large slip-hardening coefficient f3. in order
to have a net increase in bridging stress, fibers should be long enough to have
large enough slippage (and hence interfacial shear stress) before complete pullout to
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Fig. 7. Post-debonding crack bridging relation predicted by (8b). The curves start 10 show a rising portion
beyond a certain value of L,/ (2d;) & 2.

overcome the loss in bridging stress due to decreasing fiber/matrix contact area during
pullout. As will become clear shortly, the post-debonding rising branch of the present
crack bridging law has significant influence on the ultimate tensile stress and strain,
maximum crack opening at ultimate tensile stress, fracture energy as well as the
critical fiber volume fraction for multiple cracking to occur in a randomly distributed
fiber reinforced cementitious composite.

5. IMPLICATIONS OF THE PRESENT CRACK BRIDGING MODEL

5.1.  Composite ultimate tensile stress und strain

As pointed out in the last section, there exists a critical value of fL/(2d,) beyond
which the post-debonding crack bridging relation will show a rising portion. To
determine this critical value, consider the second equation in (8) and take the derivative
with respect to 0. By setting d&s/do = (). we have

. =2
0, = ‘-22-- with ¢ = BL,/(2d;) (13)

and for post-debonding,
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0, > &% (14)
Combining (13) and (14). we obtain
BLy 2 2y
2= e S e R 1
2, 71 ¥ Ol (1>

which is the condition for a rising portion of the post-debonding crack bridging curve
to exist, and it is envisioned in Fig. 7.

After the first matrix crack runs through the entire cross-section of a tensile speci-
men, the tensile stress is controlled by the bridging stress. Based on (8) through (15),
the ultimate tensile stress is given by

2% L
Gy = A_: [ 101’ 2_(%; < 2 (]6)
and
CUBLN o Bl
Ty = (l + ’22‘ (), )(l’()]) [ f()l‘?dr* > 2. (]7)

/

For strain-hardening cementitious composite materials, multiple cracking and
associated crack opening give rise to large ultimate strain. By assuming uniform crack
spacing and crack opening at maximum tensile stress, the associated overall tensile
strain is given by
(SEU

Cen T

(1%)

vd

where J, is the maximum crack opening at maximum bridging stress, and it is given
by

Li‘ T ﬁLf

. 2’ 0, for 2*(4 <2

L—— 7 B[ . (19)
SN Ly
2"(), for 2d” > 2

Here, x4 is the saturation crack spacing at ultimate tensile stress and can be determined
by (Wu and Li, 1992)
Li—/ L} =21 Lex
N, = e vV ,,,Lﬁ,,.,,,,-L//,,,L, (20)

where

4 Vm mud'
b= = mTmadr 21

= e X

nyg 4Vt
In (21), 0., Is the matrix cracking stress and 7 should be understood as the average
interfacial shear stress obtained from the load at complete debonding on a single fiber
pullout curve in the case of slip-hardening.
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5.2.  Composite fracture energy

The fracture energy due to fiber pullout can be calculated from

~pd

G, = ‘ " 6(0)dd (22)

and with oy given by (8b), it can be shown that

G L Vil +n)d L;‘Z ]+l E)IZ'_ (23
[ lzflr(l f( +'? ¢4 ‘1 ) 4 261} . ‘)

The second term in (23) is the contribution from slip-hardening, which can be sig-
nificant when L,/2d; is of the order 1.

Energy is also absorbed in the debonding process. This part of the fracture energy
may be estimated by integrating the pre-debonding bridging law (8a) and it is usually
of the order of ,0*, which is negligibly small compared to the post-debonding fracture
energy.

5.3, Critical fiber volume fraction for multiple cracking

It has been shown by Marshall er a/. (1985) and Li and Leung (1992) that, after
matrix cracking reaches steady state, the energy needed to propagate the crack is the
complimentary energy associated with the crack bndging relation. i.e..

by — f o) ds = J, (24)
{1

where o and d,, are the steady state bridging stress and corresponding crack opening,
respectively. J, is the composite critical fracture energy. In order to realize multiple
cracking, the steady state bridging stress should not exceed the maximum bridging
stress o, . otherwise, the composite would have failed upon the first matrix cracking
before any other cracks developed. This condition can be expressed as

From (8), (16), (17), (24) and (25), it can be shown that the minimum (critical)
fiber volume fraction for pseudo strain-hardening behavior of a composite can be
approximated by

2J.
| - . 7}7: - 26
' gTo (1 +m)(Li /d)Q (20
where
i3k 402 BL,
Q="7-N7) fore="" <2
. <k3 W > for ¢ 2, (27)

and
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L4 . A 8k o
Q= 257(]+()(]+]()(51 /‘A7<6,1 ])3’*—1:(51-3*.,(')], fore > 2

with
r 3 . ¥ ]"‘2‘ T ¥ .‘2 z Ty N 3,
F(0,,0%,¢) = ';(5| —0*)* + *”5"(’(@ —0%) + E"j_’*'(()l —=0%)"+(0,—0%). (29)

In deriving (26)—(29). (8a) has been simplified as

oy _24[ 2k (SN2 (0
2 kz[v24(5*> (5] o

provided i ~ k" « 1, which is generally true for commonly-used synthetic fib-
er/cement systems. It can be expected that the critical volume fraction required for
multiple cracking will drop as the slip-hardening effect becomes stronger because the
maximum available complimentary energy is higher for a given fiber volume fraction
due to the existence of the post-debonding rising branch of the crack bridging curve.
This trend will be illustrated by an example material —polyethylene fiber (Spectra
900)/cement system.

6. AN EXAMPLE--SPECTRA 900 ECC

As indicated by the single fiber pullout tests (Fig. 5), Spectra 900 fiber/cement
interface shows strong slip-hardening behavior. The mechanical properties of a com-
posite made of randomly distributed Spectra fibers in a cement matrix (SPECC) are
expected to be influenced by its interfacial properties. A micromechanics tool used to
predict the composite properties from its interface properties is the crack bridging
model developed in this work. In this section, various theoretical and numerical
predictions are made using the present bridging model, including composite ultimate
tensile stress and strain, crack opening at ultimate tensile stress, critical fiber volume
fraction, and flexural stress of a cracked SPECC beam. Comparisons with exper-
imental results are also documented whenever possible.

Table 1 shows the various properties of the fiber and fiber/matrix interface used in
our predictions. Additional parameters used are: E, =25 MPa, K, =033
MPa/m, o,,, = 2.2 MPa, and ¢ = 2. It should be noted that this particular Spectra

Table 1. Fiber and interface properties of Spectra 900 ECCs

Fiber Limm) d (am)  E(GPa) B 7 (MPw) TMPY)  L24,
Untreated 17 3 17 00125 048 0482 2.09
Plasma-treated 12.7 38 "7 0.0128 0.8  0.805 2.14

Note: 7 = t,sinh(wlL./d)}/ (wL{d) from (1.6) and (1.17) in Appendix 1.
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Table 2. Model predictions vs experimental results for Spectra 900 ECCs

SPECC (untreated) SPECC (plasma treated)

o, (MPa) 5., (um) &, (%)

a., (MPa) 4, (um) £ (Y0)

Constant-tT-model 32 16 0.6 5.4 27 1.8

Present model 3.5 90 3.3 5.9 137 9.6
Experiment 3.1 607 3.5% 5.7* 123% 7.0%

*Data taken from Li er al. (1995a).
tMeasured by the method used in Wu und Li (1995).

fiber has very high tensile strength such that, for the fiber length (12.7 mm) used, it
will always be pullout in the crack wake instead of rupture. The present bridging
model is valid for this fiber/matrix system. Values for ff and 1, are obtained from Fig.
5. The values of L,/2d, for both systems are above the critical value 2, indicating
slip-hardening interfaces will have significant effect on composite properties.

Table 2 shows the model predictions for composite ultimate stress, strain and
associated crack opening under unaxial tension. Both constant-r model and the
present linear slip-hardening model can predict the ultimate tensile stress reasonably
well. However. when it come to crack opening and ultimate strain, constant-t model
is clearly not applicable for both matenals while the linear slip-hardening model in
this study shows good capability of predicting both crack opening and ultimate
strain reasonably close to experimental results. It is also clear that slip-hardening at
fiber /matrix interface is the mechanism responsible for large crack opening and strain
capacity before ultimate stress is reached.

As pointed out in the last section. significant slip-hardening will give rise to an
increase in maximum complimentary energy available for steady state crack propa-
gation and hence reduce the critical fiber volume fraction required for multiple
cracking (and strain-hardening) of a composite. To gain some insight on this issue.
Vi is plotted 1in Fig. 8 against various values of the interface properties § and 7, of
a Spectra 900/cement system while other mechanical and geometrical properties of
the fiber and matrix are fixed. It can be seen from the plot that for a fixed 7,. V¥ has
little change until f# 1s large enough so that SL;/2d, reaches 2. After the critical point.
V™" has a dramatic drop as f8 continuces to increase. This trend implies a possibility
of further reducing material cost by enhancing the interface slip-hardening.

Figure 9 shows the difference in numerical prediction of flexural stress of a SPECC
beam by using the constant-r model and the present slip-hardening model. An initial
flaw ol size «, is assumed. As applied load increases. crack grows in a stable manner
in this case due to fiber bridging until & maximum load is reached. Thercafter, crack
propagation becomes unstable and the beam fails. Details on the numerical scheme
used to compute the load vs crack length curve can be found in Cox and Marshall
(1991). As can be seen from Fig. 9. slip-hardening model predicts 20% higher
maximum flexural stress than constant-t model. When crack length is small (so is the
crack opening), the bridging stress given by both models are almost identical and that
is the reason two curves are initially very close to each other. When crack length and
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opening become large, bridging stress level is maintained or even increased by slip-
hardening effect while it drops in constant-t model, and two curves start to deviate.
In conclusion, slip-hardening at interface also increases the load carrying capacity of
a composite structure member in the case of fiber pullout (no fiber rupture occurs).

7. CONCLUSIONS AND DISCUSSIONS

Slip-hardening interface behavior has been commonly observed in synthetic fib-
er/cement matrix systems mainly due to fiber surface abrasion. In the present study,
a new parameter f is introduced into the interface constitutive relation to take into
account the slip-hardening effect on interface shear stress. A micromechanics-based
single fiber pullout P-4 relation is theoretically constructed and shown to be quite
accurate and robust in describing the slip-hardening interface behavior. Furthermore,
a new crack bridging law is developed for randomly oriented flexible fiber reinforced
cementitious composites with slip-hardening interfaces. Based on the present crack
bridging model, we can draw the following conclusions:

(1) There exists a critical condition which must be satisfied for slip-hardening
interface shear stress to significantly influence the composite properties. This condition
is theoretically derived to be L/ 2d; > 2.

(2) For the material system satisfying the above-mentioned condition, slip-hard-
ening interface shear stress can significantly increase the ultimate strain capacity and
fracture energy due to fiber bridging while increase in composite tensile strength and
flexural strength is less pronounced. Slip-hardening interface behavior also provides
a possible way for further reducing matenal cost (through reducing critical fiber
volume fraction) and maintaining sufficient ductility of the composite by ensuring
multiple cracking (and hence strain-hardening). However, one has to sacrifice the
composite tensile strength when fiber volume fraction becomes too low.

(3) The present micromechanical model provides a useful tool for material design
for desired properties, especially for ductility in terms of both strain capacity and
fracture toughness. by tailoring the interlace properties.

With regard to the critical condition fL/2d; >> 2. it is desirable to use long and thin
fibers. However, fiber length may be limited by workability during material processing
and the possibility of rupture in service. Plasma treatment of the fiber seems to
increase f as indicated in this work. Systematic study on the dependence of f has not
yet been carried out and is certainly needed for interface property control. On the
other hand, the present model has not taken into account the possibility of fiber
rupture, which could be important if a low performance fiber is used.

It should be noted that the present refined fraction model is a direct extension of
the MCE model (Marshall, Cox and Evans, 1985), in which the constant frictional
stress is the only interface parameter to include the slip-hardening effect. There have
been more sophisticated models that take into account the effects of fiber/matrix
interface fracture toughness, Poisson contraction and residual stresses (e.g.. Gao et
al., 1988 . Hsueh, 1990 ; Hutchinson and Jensen, 1990). But none of these models
could explain the post-debonding rising portion of the single fiber pullout curves as
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shown in Fig. 5 without introducing a slip-hardening interface constitutive relation
(e.g., eqn (2)). Since, after fully debonding, the interface fracture toughness becomes
irrelevant. residual axial stress (if any) will be mostly released and Poisson’s con-
traction does not give rise to slip-hardening behavior, it is necessary to introduce 4
relation between interface shear stress and fiber slippage as proposed in this study
although it is a phenomenological one.

As far as the debonding process is concerned, interface fracture toughness, Poisson’s
effect and residual stresses are theoretically considered to be important factors. In a
Coulomb friction model, the residual clamping stress and Poisson contraction result
in a nonuniform friction stress distribution along a debonded interface and in some
cases frictionless debonding (causing load drop), provided the fiber is perfectly aligned
and with smooth surface. However, the experimental results of Baggott and Gandhi
(1981) indicated that slight misalignment in the specimen and the asperities of the
fiber surface could offset the Poisson’s effect. The conclusion that the assumption of
a constant frictional stress is appropriate when friction results from the interface
roughness effect can also be found in Jero er al. (1991) and Mackin et al. (1992).
Slight misalignment in a pull-out test (no alignment at all in a random short fiber
reinforced cementitious composite) and rough interface are inevitable. Furthermore,
no unstable load drop during debonding has been observed in previous pullout tests
of commonly-used flexible synthetic fibers (e.g., nylon and polypropylene fibers (Wang
et al., 1988), which have relatively high Poisson’s ratios). Thus, it follows that in
general the Poisson’s effect can be neglected and a one-dimensional model is usually
adequate to describe the fiber pullout process in these fiberjcement systems. In such
a constant friction stress model {e.g., Marshall et a/., 1985 Li, 1992), the effect of
residual clamping stress should be reflected in the value of 7. which is determined
from the first bend-over point (end of debonding) of a single fiber pullout curve if
interface fracture toughness is neglected. The axial residual stress in the fiber is usually
negligible due to the unique processing of cementitious composites in contrast to that
of ceramic-based composites, in which thermal residual stresses can be significant.

With regard to the effect of interface fracture toughness, it does give rise to a higher
debonding load and a subsequent load drop right after fully debonding (Gao et af.,
1988 ; Leung, 1992). Many kinds of polymeric fibers used in cement-based composites
are of hydrophobic nature, including polyethylene and polypropylene fibers, which
results in a very weak chemical bond with cement matrix (i.e., low interface fracture
toughness) as evidenced by very little or no load drop after fully debonding (e.g., the
polyethylene fiber cases shown in Fig. 5). Consequently, the interface fracture tough-
ness in these fiber/cement matrix systems can be neglected. Surface treatment can
somewhat increase chemical bonding, and fibers with hydrophilic nature such as
polyvinyl-Alcohol (PVA) fibers can form strong chemical bonds with the cement
matrix and can result in high interface fracture toughness. In such cases, the interface
fracture toughness needs to be considered. Part of recent research results regarding
this aspect is included in Appendix 11I (Lin and Li, 1996). It is clear that interface
fracture toughness does not give rise to larger crack opening at maximum bridging
stress. Instead, it shifts the peak of debonding stage o, -0 curve to the smaller crack
opening end.

Based on the above considerations, we believe that the slip-hardening interface
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behavior is the dominant mechanism behind the large discrepancy between exper-
imental results and predictions with the constant friction model, which has already
been proven to be a quite accurate model even in predicting the crack opening at
maximum bridging stress for a Nylon fiber reinforced cement (Li and Maalej, 1996).
The refinement added to this model by employing (2) has been shown to be satisfactory
in explaining the discrepancy while other mechanisms are either negligible, such as
Poisson’s contraction and residual stresses, or cannot give rise to a resolution to the
problem even if it is included (e.g., the interface fracture toughness).
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APPENDIX I
1.1.  Derivation of debonding stage P- O relation
Following Marshall er «/. (1985) and Bao and Song (1993), consider the cylindrical model

depicted in Fig. 4. In the bonded zone, the compatibility condition requires that the axial strain
in the fiber ¢ and that in the matrix &, be the same, i.c..
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Op = Gy (L.1)

Neglecting Poisson’s effect, we have in the bonded region
T, O
E E,

where o and a,, are the stress in the fiber and in the matrix. respectively. Balance of axial forces
in the matrix and the fiber gives

ndi/'t 13)
., == e N
N ‘AH\
and
Pmd/t
“x mE e ;{I T (14)

where 4 and A,, are the cross-section area of the fiber and the matrix shell respectively; 7 is
the debonded zone length and 7 is the average interfacial shear stress given by

1 (7
T = , 7(z)dz. (1.5)

o
«

We will derive the interfacial shear stress distribution t(z) shortly. From (1.2). (I.3) and (1.4).
we have

P = nds/7(1 +n) (1.6)
with
VoEy
VOE,

1m

1 o=

Define the interface slip as the (local) relative displacement between the fiber and the matrix,
that 1s.

S(2) = w (D) =y (2). (L.7)
Hence

S _dw da,

& ds 7 g T At (18)
Local equilibrium requires
doy(z) 4 , do,(z)  mdy
- d‘”S) and PR 7(S). (1.9)

Differentiating (1.8) and using ¢(z) = o)/ £, and ¢,,(2) = 6,,(2)/E,,. we obtain

d:S IEARY)
2 Ed

(S). (1.10)

Using the interface constitutive relation (2) and recognizing the fact that at the tip of the
debonding zone (z = 0), u; = u,, and #; = ¢, we obtain the governing equations for this bound-
ary value problem



784 Z.LINand V.C. LI
d:s  w? @3

s S = e 111
= 4 b -t

and at z =
S$=0 and dS/dz=0 (1.12)

where
b= (MM (1.13)
v E;
The solution to (I.11) and (I.12) can be found to be (Bao and Song, 1993)
/.

S(z) = ‘ﬂ! [cosh(wzidy—1] and 1(z) = 7, cosh(wz/d;). (L.14)

From (1.5), (1.6) and (I.14), we obtain the relation between applied load P and debonding
length 7

dit,(1 +n) .
P = nJv(L()r——— 'ﬁsmh(w//df-). (1.15)
«

The fiber end slippage distance is given by
. o ‘
U= b(::/) = '/{[COSh((l}//({f)‘l]. (llb)

The corresponding crack opening due to fiber sliding during debonding stage is given by § = 2u.
Eliminating 7/ from (I.15) and (1.16) and assuming the present formulation is valid for up to
full debonding length L. we have

5

1; ]l | - /7 ' 77; ‘ - -
p= 0 JCBRY L o< <o, (1.17)
7 2d,
where
N 2d, )
3y = *[)’7 [cosh(wLid)—1]. (1.18)

It can be shown that by taking limit analysis as § — 0, (I.17) becomes identical to the constant-
7 (1 = 7,) model obtained by Marshall, Cox and Evans (1985).

1.2, Derivation of post-debonding (pullout) siage P--6 relation
During fiber pullout stage, by ignoring the fiber elastic stretch, the fiber/matrix slip distance

S can be approximated as (Fig. 4(b))

N
S- ‘ﬁ‘ [cosh(wz/d,) — 114 (35— 8,). (1.19)

The first term in (1.19) is the slip distribution at full debonding and the second term is due to
the uniform slip of the ‘frozen’ fiber. The interfacial shear stress is then given by the constitutive
relation t© = 7, (1 + fS/d;) and the pullout load can be approximated by
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L

P=nd(l+ n)J (2)d: (1.20)

A0y

and (4) yields

z ol (¢ —d, L. .
p - Mt [sinh (fff )-—»sinh (‘V’L ¢ ’))]ﬂm/f(l F O — )L — (0 80).
r, /

10} d,

It should be noted that the above P-d relation is based on one-sided pullout assumption which
is valid for non-slip-hardening cases. In the case of slip-hardening, because of the load increase
in the fiber due to the pullout of the shorter embedded fiber segment, the longer embedded
fiber segment may reach complete debonding stage and a two-sided pullout scenario may
happen (Li et «/., 1990). It can be shown that for two-sided pullout to occur, the shorter fiber
embedment length L, should satisfy the following condition:
L; [3+<1+<-5‘)5 ] L BL
LI 2 R - —

Lz — with ¢ =
27 24-¢o

5 - 2, and 0 = 8;(L/2). (1.21)

Practically, the crack opening is on the order of sub-millimeter (§ ~ 10 °) and ¢ is of order 1.
Therefore, only those fibers with shorter embedment length L, very close to L2 will have the
possibility to undergo two-sided pullout. In the case of completely random fiber distribution,
the fiber population satisfying (1.21) is expected to be small so that the effect of two-sided
pullout is negligible.

APPENDIX 11

[1.1 Derivation of pre-debonding o0 relution (8q)

Equation (7) in main text can be rewritten in the following

8 fr o Poosg
Gy = KL J P(o)ysingp dz’ dgp (1L.1)
T, TITH([.T,’/({\)(/( b0 Joe 0
with
o, = T Vi(Lid) and == Di(L72). (11.2)

For the pre-debonding o~ curve. there are two contributions from individual fibers. For
those fibers located or oriented in such a way as to have a long embedment length L. their
contributions are through fiber debonding. as described by (3). For the other fibers, their
contributions are through fiber slipping, as described by (4). Fibers in the first group pass into
the second group as d increases. For the first group of fibers, it is important to recognize that
(3) holds as long as

2

'.
d <, = ...-I{-'- [cosh(m L d)y—1] (11.3)
i

and the fiber embedment length L can be re-expressed in terms of the fiber length L. the
centroidal Jocation z, and orientation angle ¢ of the particular fiber as

[ B (11.4)
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After transformation and normalization, (I1.3) becomes

, ) | poy ol
2 < zgcos, withzy = 1- '};",LObh ! (l + 7(/|> and k= 3, (11.5)

Thus, for this group of fibers, the contribution to the bridging stress is given by

. & [\.‘(/: 2, €081 L
0p(0) [qebonding = — =", P(d)sin¢pd='d 11.6)
5(0) [gebonding ato(Lijdyd’ Jomo J:v:,[, ¢ ¢ (

with P(J) given by (3). The upper integration limit for =" in (I11.6) ensures that only those fibers
not fully debonded are counted in this contribution.
For the second group of fibers. slipping occurs, and (4) holds as long as

S, << = [2—‘ - LM (IL7)
ie.
peosd < 2 < (1—-3) cos g (11.8)
Thus for this group of fibers, the contribution to the bridging stress is given by
! 8 R L i
F{0) lsppue = reLodod: L | [ " P(o)singd="d¢ (11.9)

with P(J) given by (4). The lower integration limit for =" in (11.9) ensures that only those fibers

fully debonded are counted in this contribution. and the upper integration limit ensures that

those fibers that have fully slipped out of the matrix play no further role in the bridging stress.
By combining these two contributions for any given ¢ < 0*, we obtain

G5(0) = Fa(D) |uevondion + Ful3) luivome

_ 290 +m) oL BT L By po
- [Iul‘cmh (\1-» ),\/ L5, ) —1Haten e aL10)

k 2d, wh

By using the normalization factors defined in main text, (I1.10) results in the first equation in
(8). In deriving (I1.10). the condition ko << 1 is used to simplify the results and those terms
involving o7 resulting from (11.9) are dropped without loss of accuracy.

11.2.  Derivation of post-debonding a0 relation (8h)

We recognize that for ¢ > é*, all fibers would be slipping. Again, starting from (7) or (IL.1),
and eliminating all fibers that have fully slipped out from the matrix, the bridging stress may
be written as

6[!((3)‘

shpping =

8 T2 - diose
]1/; U

e P(3)sinpd="d¢p (TL.11
Tty di)ydy J o )

where the fiber bridging force is given by (4). After rather tedious derivation, we arrive at a
simple expression

) L« -
Gg(d) :51(1+n)(l+p2—d"f())(l»—5)‘. (I1.12)
. (N

Again, in evaluating (11.11). k9 <« 1 is used to simplify the results without loss of accuracy.
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APPENDIX III

IIL.1.  Effect of interface fracture toughness on debonding stage ag-3 relation

For clarity and without loss of accuracy, the slip-hardening effect during fiber debonding
stage will be neglected. Based on the energy-based criterion (e.g., Gao et al., 1988 ; Hsueh,
1996), it can be shown that the P-4 relation is given by (Lin and Li, 1996)
p_ i [HAmETS  BGE(L+n)

4 v ‘ dy d;

= (I11L.1)
where G, is the interface fracture energy. Following the derivation outlined in Appendix 11 and
assuming no fiber rupture, the crack bridging law for debonding stage can be obtained as
follows

o |, 0 D .
L U <5< 6F 2
. \/ ‘?'f+' e or0 <9 <oF(1+) (111.2)
where
ro
| 8Gy o ,
= \/ T, 0% 0y = ;gl'ﬂnl«f/df
oo -~
and
5% = ,,,,,,}-"Ij‘l .
O T Ed(1+1y)

which is the same as the crack opening corresponding to maximum bridging stress given by the
constant friction stress model (G4 = 0).

It is easy to find out that the crack opening corresponding to the maximum bridging stress
is given by

S (127 Yox 11.3
¢ ( 4 ) 0 ( )
which is less than d§ predicted by the constant friction stress model with zero interface fracture
energy. Therefore, the interface fracture toughness does not give rise to larger crack opening
at maximum bridging stress if the post-debonding slip-hardening behavior is not considered.



