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Micromechanics of High-Strength, High-Ductility Concrete
by Ravi Ranade, Victor C. Li, Michael D. Stults, Todd S. Rushing, Jason Roth, and William F. Heard

fundamental micromechanics-based conditions for strain 
hardening are satisfied by HSHDC. The achievement of 
these objectives in this paper generated new knowledge of 
micromechanical properties and interaction mechanisms 
of a high-performance fiber (ultra-high-molecular-weight 
polyethylene [UHMWPE]) with a very-high-strength 
cementitious matrix, in contrast with the typically used poly-
vinyl alcohol (PVA) fiber and moderate-strength matrix in 
SHCC. This study establishes a micromechanics basis for 
the observed composite tensile strain-hardening behavior of 
HSHDC, reported in a companion paper7 (Fig. 1), by inves-
tigating microscale fiber/matrix interactions.

The micromechanical investigation procedure followed 
in this research for achieving the aforementioned objectives 
is shown schematically in Fig. 2. Single-fiber pullout tests 
were performed with varying embedment lengths and incli-
nation angles with respect to the loading direction. While the 
existing debond and pullout models8 (originally developed 
for SHCC) were able to explain the observed aligned fiber 
(inclination angle = 0 degrees) pullout satisfactorily, the 
increase in pullout load with inclination of fibers (observed 
in HSHDC in addition to the snubbing effect) could not 
be captured by these models. A new inclination-dependent 
hardening mechanism was proposed to explain the observed 
inclined fiber pullout in HSHDC, which was found to be 
unique to the high-strength matrixes and beneficial for 
fiber bridging in HSHDC. The fiber-pullout mathematical 
model for SHCC was modified accordingly to capture the 
new mechanism. The fiber/matrix interaction properties and 
mechanisms thus inferred from the single-fiber pullout test 
results were used in a statistical scale-linking model12 to 
analytically compute the bridging stress-crack opening (s-δ) 
relation of HSHDC. This computed s-δ relation was experi-
mentally verified through single-crack tests using notched 
rectangular coupon specimens. The s-δ relation was finally 
used to check the two necessary conditions of multiple 
cracking13 to achieve composite tensile ductility. Details of 
the micromechanical investigation of HSHDC following the 
aforementioned procedure are documented in this paper.

RESEARCH SIGNIFICANCE
Increasing compressive strength and tensile ductility of 

concrete materials simultaneously has been a long-standing 
design challenge. This paper documents the micromechan-
ical analysis of a new material—HSHDC—which bears a 
unique combination of high compressive strength and high 
tensile ductility. Experimentally determined fiber/matrix 

This paper reports the microscale investigation of a new fiber-
reinforced cementitious composite, high-strength, high-ductility 
concrete (HSHDC), which possesses a rare combination of very 
high compressive strength (166 MPa [24.1 ksi]) and very high 
tensile ductility (3.4% strain capacity). The investigation involved 
experimental determination of fiber/matrix interaction properties 
using single-fiber pullout tests. A new mechanism of inclination-
dependent hardening in fiber pullout—unique for a high-strength 
cementitious matrix—is discovered. The existing fiber-pullout 
analytical model for strain-hardening cementitious composites 
(SHCCs) is modified to incorporate the new mechanism. The 
modeled fiber-pullout behavior is used in a scale-linking model 
to compute the crack bridging (s-δ) relation of HSHDC, which 
is also empirically verified through single-crack tests. The s-δ 
relation of HSHDC satisfies the micromechanics-based necessary 
strength and energy conditions of steady-state flat crack propaga-
tion that prevent localized fracture. The microscale investigation 
of HSHDC in this research thus demonstrates the rational basis 
for its design combining both high compressive strength and high 
tensile ductility.

Keywords: high-ductility concrete; high-performance cementitious composite; 
high-strength concrete; micromechanics.

INTRODUCTION
The modern-day frontiers of concrete can be defined by 

material characteristics—high compressive strength and 
high tensile ductility. Materials such as very-high-strength 
concrete (VHSC) and ultra-high-performance concretes 
(UHPCs) exhibit compressive strengths in excess of 200 MPa 
(29 ksi), reaching up to 800 MPa (116 ksi).1,2 On the other 
hand, strain-hardening cementitious composites (SHCCs) 
exhibit very high tensile ductility with strain capacities 
of 3 to 6% (20 to 40 times that of VHSC/UHPC).3-6 As a 
result of their contrasting material properties, VHSC/UHPC 
and SHCC have different structural applications—VHSC/
UHPC are often used to achieve size efficiency in structural 
members, whereas SHCCs are used to achieve durability and 
ductile structural performance.

The authors of this paper have recently succeeded in 
designing a high-strength, high-ductility concrete (HSHDC) 
that combines very high compressive strength (166 MPa 
[24.1 ksi]) and very high tensile ductility with 3.4% average 
tensile strain capacity under direct tension loading 
(Fig. 1).7 The unique performance of HSHDC is achieved 
through deliberate selection of fiber, matrix, and their inter-
face, guided by the micromechanics-based design principles 
developed by Li and coworkers8-10 for engineered cementi-
tious composites (ECC—a type of SHCC) while incorpo-
rating the VHSC matrix.11

The objectives of this paper are: first, to determine the 
microscale fiber/matrix interaction properties in HSHDC; 
second, to ascertain whether the existing analytical fiber-
pullout model for SHCC completely explains the experi-
mental fiber-pullout behavior of HSHDC (and if not, inves-
tigate any new mechanisms); and third, to test whether the 
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interaction properties in this paper provide physical insights 
into the microscale interaction of the fiber-matrix-interface 
in HSHDC. The new knowledge of the fiber/matrix interac-
tion mechanism is expected to be instrumental in the future 
designs of similar materials with high-strength matrixes. 
The micromechanical analysis provides a basis for rational 
design and continued systematic improvement of the 
mechanical performance of HSHDC.

EXPERIMENTAL INVESTIGATION
Materials and mixture proportions

The mixture proportions and particle sizes of constitu-
ents of HSHDC are given in Table 1. UHMWPE (hence-
forth referred as “PE”) fibers (properties in Table 2) are used 
in HSHDC compared to steel fibers in VHSC. The matrix 
of HSHDC presented herein is based on the VHSC devel-
oped by O’Neil.11 Modifications to the matrix were made to 
achieve adequate dispersion of PE fibers and desired fiber/
matrix interfacial bond. The sand/cement ratio was decreased 
in HSHDC to 0.70 as compared to 0.97 in VHSC. In addi-
tion, the HRWRA/cementitious material ratio was increased 
to 1.26% in HSHDC from 0.61% in VHSC. Similar to other 
high-performance concretes, HSHDC consists of cementi-
tious materials, fine aggregates, fibers, water, and HRWRA; 
further details about the constituents and material design are 
presented in Ranade et al.7,14

Specimen preparation and testing procedures
Two types of specimens were prepared for mechanical 

testing in this research: 1) single-fiber pullout specimens; 
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Fig. 1—Direct tension test results of eight HSHDC tensile specimens: (a) No. 1 to 4; and 
(b) No. 5 to 8.7 (Note: 1 MPa = 145 psi.)

Fig. 2—Micromechanical investigation procedure.
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and 2) single-crack specimens. The details are given in 
the following.

Fifty single-fiber pullout specimens were prepared in this 
research to determine the fiber/matrix interaction properties. 
Thirty out of the 50 specimens contained aligned fibers (φ = 
0 degrees). The remaining 20 specimens contained inclined 
fibers with five specimens for each of the four different 
inclination angles—φ = 14, 27, 37, and 45 degrees—which 
are equal to tan–1(1/4), tan–1(2/4), tan–1(3/4), and tan–1(4/4), 
respectively (Fig. 3(a)). Specimens with higher inclina-
tion angles (φ > 45 degrees) were not studied because their 
preparation resulted in breakage or folding of fibers during 
casting. This led to a majority of nonusable specimens and 
wider scatter of results than the fibers with lower inclination 
(common observation in SHCC15). Single-fiber pullout test 
results typically exhibit a wide scatter (even for small incli-
nation angles and aligned fibers) and the results of individual 
specimens are insufficient to infer the fiber/matrix interac-
tion properties. To overcome this inherent variability of 
single-fiber pullout tests, a large number (50) of specimens 
were tested in this research and the results from all the tests 
were collectively analyzed (details in following section) to 
compute average micromechanical properties.

The geometry of a single-fiber pullout specimen is shown 
in Fig. 3(b). PE and other polymer fibers are very flexible 
in the transverse direction and therefore cannot be simply 
placed in the cementitious matrix. As a result, long, uncut 
PE fibers were strung and tied across an opening, and the 
HSHDC matrix was cast around the fiber (Fig. 3(a)). Further 
details of the single-fiber pullout specimen preparation are 
given in Katz and Li.16 After curing (procedure is given in 
the following), the single-fiber pullout specimens were cut at 
varied depths (d in Fig. 3) so as to vary the fiber embedment 
lengths (Le in Fig. 3(b)) and prepared for testing at 28 days.

The setup for single-fiber pullout tests is schematically 
shown in Fig. 3(c). The free end of the fiber was glued 
between two aluminum plates, which were held by the top 
grip of a tensile testing system. The bottom cross section of 
the specimen was glued to a pedestal screwed into a high-
precision load cell with a maximum capacity of 5 N (1.1 lb) 
and ±0.25% full-scale accuracy. The load cell was attached 
in series to an x-y displacement stage that was held by the 
bottom grips of the test system. The free length of the fiber 
between the plates and the matrix face was kept constant 
at approximately 2 mm (0.079 in.). The test was performed 
under displacement control at the rate of 1 mm/s (3.9 × 
10–5 in./s). In this test, the pullout load and the displace-
ment of the bottom grip relative to the fixed top grip were 
recorded. The elastic stretching of the free fiber length (2 mm 

[0.079 in.]) was estimated based on the in-place Young’s 
modulus of the PE fiber (Table 2) and the pullout load. This 
elastic stretching was subtracted from the relative displace-
ment u of grips to compute the pullout displacement of the 
PE fiber relative to the matrix face. It was assumed that slip-
page and stretching in the glued portion of the fiber inside 
the aluminum plates were negligible. Hence, the single-fiber 
pullout tests were conducted under quasi-static loading, and 
pullout load and relative displacement were recorded using 
appropriate sensors.

One length scale higher, the collective bridging behavior 
of multiple fibers across a crack in HSHDC was empirically 
determined by single-crack tests using notched rectangular 
coupon specimens. To deliberately enforce a single crack in 
a material that naturally tends to undergo multiple cracking, 
the specimen geometry and test setup schematically shown 
in Fig. 4, and modeled after Paegle and Fischer,17 are used. 
For preparing such specimens, six rectangular coupons of 
HSHDC with dimensions of 305 x 76 x 12.7 mm (12 x 3 x 
0.5 in.) were cast and cured using the procedure described 
in the following. After curing, a continuous notch 600 mm 
(0.024 in.) wide was made all around the specimen with 
depths of 15 mm (0.59 in.) on the lateral sides and 2 mm 
(0.079 in.) on the other two sides (Fig. 4, Section A-A). The 
notch forces the crack to occur at that section due to stress 
concentration and the substantially reduced cross-sectional 
area ensures the exhaustion of the bridging capacity at stress 
levels lower than that required to trigger cracks in the rest 
of the specimen. These specimens were tested under direct 
tension using a displacement-controlled closed-loop test 
system at the rate of 0.5 mm/min (0.02 in./min). The crack 
opening was computed as the average of extensions of two 

Table 1—Mixture proportions of HSHDC

Constituent Particle size range, mm Mixture proportions, by weight Weight per unit volume, kg/m3 (lb/yd3)

Cement (Class H) 30 to 80 1 907 (1528)

Microsilica (silica fume) 0.1 to 1 0.389 353 (595)

Ground silica (silica flour) 5 to 100 0.277 251 (423)

Silica sand 100 to 600 0.700 635 (1070)

Tap water — 0.208; w/cm = 0.15 189 (318)

High-range water-reducing admixture — 0.018 16 (27)

PE fiber* — 0.0214 19 (33)
*Properties of PE fiber are given in Table 2.  
Notes: 1 mm = 3.9 × 10–5 in.; w/cm is water-cementitious material ratio.

Table 2—Geometry and mechanical/physical 
properties of PE fiber

Fiber properties Values

Average diameter df, mm (in.) 28 (0.0011)

Average length Lf, mm (in.) 12.7 (0.5)

Volume fraction Vf, % 2

Nominal strength sf0, MPa (ksi) 3000 (435)

Nominal Young’s modulus, GPa (ksi) 100 (14,500)

In-place Young’s modulus Ef, GPa (ksi) 30 (4350)

Elongation at break, % 3.1

Specific gravity 0.97

Melting temperature, °C (°F) 150 (302)
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the effect of varying embedment length in aligned fibers 
(φ = 0 degrees), is relative displacement u (mm), whereas 
the abscissa of Fig. 5(b), intended to show the effect of the 
varying inclination angle, is normalized relative displace-
ment u/Le (normalized by the respective embedment 
lengths). The electron micrographs of the pulled-out ends of 
the fiber that were embedded inside the matrix before pullout 
are shown in Fig. 6 (discussed in detail in the following).

Similar to a typical polymer fiber pullout of SHCC,8-10 two 
distinct phases can be observed in the test curves shown 
in Fig. 5, which are debonding (prepeak, monotonically 
increasing) and pullout (postpeak/kink). The debonding 
process, in general, results from the breaking down of the 
interfacial chemical bond Gd plus the stretching of the fiber 
segment in the debonded zone against the fiber/matrix inter-
facial frictional bond, t0.8 The load increases during this 
debonding process as additional energy is required to extend 
the debonding zone, until the entire embedded segment of 
the fiber is debonded. After complete debonding, the fiber 
enters the pullout phase in which the entire embedded 
segment of the fiber pulls out against interfacial friction only 
with continuously reduced embedment length. Due to linear 
reduction of the embedded perimeter area of the fiber with 
relative displacement of the fiber, u, the pullout load should 
also decay linearly with u. It is observed in Fig. 5, however, 
that the test curves in the pullout phase show slight curvatures 
(concave down), implying the presence of a small amount of 
slip hardening β,9 which means an increase in frictional bond 
with slippage. The load carried by the fiber for a given embed-
ment length is also magnified in both debond and pullout 
phases at non-zero inclination angles due to the snubbing 
effect15 (characterized by snubbing coefficient f) between the 
inclined fibers and the matrix. This physical understanding 
of the mechanisms involved in a single-fiber pullout has 
been used to satisfactorily model the pullout behavior of 
SHCC.10 As discussed in the following, however, the pullout 
phase of inclined fiber pullout of PE fibers embedded in the 
HSHDC matrix cannot be completely captured by these 
mechanisms and, as a result, a new inclination-dependent 
hardening mechanism is proposed for HSHDC.

Deduction of fiber/matrix interaction properties 
(t0, Gd, and β) for aligned fibers (φ = 0 degrees)

According to Lin et al.,8 the load carried by the fiber during 
the debonding, Pdebond, stage can be modeled using Eq. (1) in 
terms of relative displacement u (assuming Vf ≈ 0 for a single 
fiber and, therefore, the volume weighted modulus ratio 
h = 0).

ultra-precision linear variable displacement transducers 
(LVDTs) (maximum nonlinearity of ±0.25% full scale; full-
scale range is 10 mm [0.4 in.]) mounted parallel to the two 
side edges of the coupons (Fig. 4), and the bridging stress 
was computed as tensile load divided by the area of the liga-
ment (46 x 8.7 mm [1.8 x 0.34 in.]).

An elevated temperature curing procedure for acceler-
ating the hydration process was adopted for both types of 
HSHDC specimens in this research. In this procedure, all 
specimens were demolded after 2 days of casting and kept 
at room temperature (23 ± 3°C [73 ± 5°F]) in water for the 
next 7 days. This was followed by 5 days of curing in water 
at 90°C (194°F) and 3 days in air at 90°C (194°F). Subse-
quently, the specimens were stored in air at room tempera-
ture until they were tested at 28 days after casting. The same 
curing procedure was adopted in the HSHDC specimens for 
composite properties determination in Ranade et al.7

EXPERIMENTAL RESULTS
Single-fiber pullout test results

While the complete set of test curves and summary of 
results is given in the Appendix*, for clarity of the figure 
and the following discussion, the test curves of five repre-
sentative specimens with varying embedment lengths and 
inclination angles φ are shown in Fig. 5. It should be noted 
that the abscissa units in Fig. 5(a) and (b) are deliberately 
kept distinct. The abscissa of Fig. 5(a), intended to show 

* The Appendix is available at www.concrete.org in PDF format as an addendum to 
the published paper. It is also available in hard copy from ACI headquarters for a fee 
equal to the cost of reproduction plus handling at the time of the request.

Fig. 3—Single-fiber pullout test: (a) casting of specimens; (b) one specimen; and (c) test 
setup. (Note: 1 in. = 25.4 mm; 1 mm = 0.039 in.)

Fig. 4—Notched rectangular specimen geometry and test 
setup. (Note: All dimensions in mm; 1 mm = 0.039 in.)
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where Ef and df are in-place Young’s modulus and average 
diameter of the fiber (Table 2), respectively; t0 and Gd are 
fiber/matrix interfacial parameters of frictional bond and 
chemical bond; f is the snubbing coefficient; and u0 is the 
critical relative displacement at complete debonding of the 
fiber and computed from fiber/matrix properties. Substi-
tuting u = u0 in Eq. (1) yields the expression in Eq. (2) for 
peak load Ppeak at complete debonding for aligned fibers (φ = 
0 degrees).

2 3
0 / 2peak f e d f fP d L G E d= π t + π (2)

Assuming constant Gd, Eq. (2) represents a linear rela-
tion between the variables Ppeak and Le. This linear relation 

assumes negligible slip-hardening during the debonding 
stage due to relatively small slippage compared with that 
during the pullout stage. Out of the 30 aligned fiber speci-
mens (φ = 0 degrees [Fig. A1(a) to (d)]), four fibers ruptured 
before reaching the peak debond load, and are therefore 
excluded from the analysis (marked N/C in Table A1). The 
remaining 26 debond loads (Ppeak) of aligned fiber pullout 
curves are summarized in Table A1 and plotted against 
their respective embedment lengths in Fig. 7. Using the 
slope (equal to 0.134) of the best-fit straight line (shown in 
Fig. 7) and the fiber diameter (df = 28 mm [0.01 in.]), the 
frictional bond t0 is computed equal to 1.52 MPa (220 psi) 
from Eq. (2). The chemical bond Gd is approximately equal 
to 0 J/m2 (0 lb-ft/ft2) due to a negligibly small y-intercept 
(0.011). The absence of chemical bond is expected with PE 
due to its hydrophobic nature. This is further verified by the 
pullout curves (Fig. 5) that show no sudden drop in load 
after the peak, which would otherwise correspond with the 
sudden release of energy accompanying the unstable propa-
gation of the chemically debonding zone as the embedded 
end of the fiber is approached.

Next, the slip-hardening parameter β is determined from 
the postpeak curvatures of the aligned fiber pullout curves 
(Fig. 5(a)). The slip-hardening parameter is computed by 
best fitting the observed post-peak (pullout phase) inclined 
fiber pullout curves with the quadratic (in u) pullout load 
model in Eq. (3)8 using least-square estimation with one 
unknown variable, β.

Fig. 5—Representative single-fiber pullout curves. (Note: # denotes specimen number 
corresponding to Table A1; φ is fiber inclination angle; 1 N = 0.225 lb-ft; 1 mm = 0.039 in.)

Fig. 6—SEM-generated micrographs of embedded ends of 
pulled-out fibers. (Note: 1 mm = 0.039 in.)

Fig. 7—Deduction of interfacial bond (t0 and Gd) using only 
aligned fiber pullout specimens. (Note: 1 N = 0.225 lb-ft; 
1 mm = 0.039 in.)
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 ln[Ppeak(φ)/Ppeak(0)] = fφ                       (4)

where Ppeak(φ) is the peak load for a specimen with fiber 
inclination angle of φ and embedment length Le; and Ppeak(0) 
is the computed peak load, using Eq. (2), for an aligned fiber 
with the same Le and the average t0 of 1.52 MPa (220 psi) 
determined previously. The left-hand side of Eq. (4) is plotted 
for 18 out of 20 inclined fiber pullout specimens against φ in 
Fig. 8 along with the best-fit straight line (dashed line). All 
values are also summarized in Table A1. The remaining two 
specimens ruptured prematurely before complete debonding 
and are therefore excluded from this analysis. The best-fit 
line (dashed line) does not pass through the origin because 
the average t0 (1.52 MPa [220 psi]) for the aligned fibers 
used to compute Ppeak(0) is different from the average inter-
facial frictional bond of the inclined fibers due to the inherent 
variability described previously. To fit the model in Eq. (4), 
another best-fit line (solid line in Fig. 8) with the y-inter-
cept forced to zero is computed. The change in slope of the 
two lines is only approximately 10%. It is assumed that the 
fibers with inclinations higher than 45 degrees will follow a 
similar trend. The snubbing coefficient is thus determined 
equal to 0.59.

Proposed inclination-dependent hardening 
mechanism

The fiber/matrix interaction mechanisms described previ-
ously and the micromechanical properties deduced there-
from, although largely descriptive of HSHDC, are incom-
plete in fully capturing the pullout behavior of the inclined 
PE fibers embedded in the HSHDC matrix. Figure 9(a) 
shows the observed and modeled pullout behavior of a 
randomly chosen, representative inclined fiber pullout spec-
imen (number 43 in Table A1 with φ = 37 degrees). The 
computed curve using the SHCC model (Eq. (1) and (3)) in 
Fig. 9(a) does not correspond with the observed behavior in 
the post-peak pullout phase (assuming the fiber/matrix inter-
action properties obtained for aligned fibers are the same for 
inclined fibers). Figure 9(b) shows the difference between the 
observed and the (SHCC) modeled load plotted against the 
post-debonding (post-peak) relative displacement (u – u0). 
As the difference in load seems to increase linearly with (u – 
u0), a best-fit straight line closely fitting 90% of the curve is 
plotted in Fig. 9(b) with a slope (m·φ) equal to 0.239 N/mm 

( ) ( )0 0 0

0

1 f
pullout f eP d u u L u u e

u u

φ   = π t + β − − −   
∀ >   

(3)

where Ppullout is the pullout load (post-peak ordinate in Fig. 5). 
The values of β thus computed for aligned fibers are summa-
rized in the Appendix. The average slip-hardening parameter 
in HSHDC is 0.003, which is approximately two orders of 
magnitude smaller than that observed in SHCC using PVA 
fibers.18 The high-performance PE fiber used in HSHDC 
is more abrasion-resistant than the PVA fiber in SHCC. In 
addition, the matrix “tunnel” surrounding the PE fiber in 
HSHDC is significantly smoother than SHCC due to ultra-
fine filler (microsilica) and dense particle packing. Both of 
these factors result in small slip-hardening in HSHDC in 
spite of a high frictional bond.19

Deduction of snubbing coefficient f for inclined 
fibers (φ > 0 degrees)

The snubbing coefficient f is computed from the peak 
loads at complete debonding of the remaining 20 specimens 
with inclined fibers (φ > 0 degrees [Fig. 5(b) and A1(e) to 
(f)]). It was shown in a previous study15 that the snubbing 
effect can be modeled as

Fig. 8—Deduction of snubbing coefficient (f) using only 
inclined fiber pullout specimens.

Fig. 9—(a) Observed and modeled single-fiber pullout behavior of Specimen 43; and 
(b) deduction of m·φ for Specimen 43. (Note: 1 N = 0.225 lb-ft; 1 mm = 0.039 in.)
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(239 N/m). Following the same procedure, such slopes (m·φ) 
are obtained for all the inclined fiber pullout specimens and 
plotted in Fig. 10 (all values are summarized in Table A1) 
against the fiber inclination angles. A straight line best 
fitting these data points and passing through the origin is 
further drawn to determine the inclination hardening param-
eter (constant for the composite) m equal to 386 N/(m-rad) 
(26.4 lb/(ft-rad)), which is defined as the increase in pullout 
load per unit increase in inclination angle and slippage.

It is assumed in the analytical investigation that follows that 
the trend of increasing pullout load with φ will continue for 
fiber inclinations greater than 45 degrees (up to 90 degrees) 
as the matrix wedge sharpness increases proportionally 
with φ. However, there may be a limiting φ beyond which 
the matrix microspalling (discussed in the following) occurs 
due to high stress concentration at a sharp matrix wedge, 
which may lead to a decrease in pullout load at very large 
φ. Further tests at higher inclination angles are required to 
investigate this possibility; however, for the planar HSHDC 
specimens used in this study, the number of fibers with very 
high inclination angles is low (discussed in the following) 
and, therefore, the assumption of increasing pullout load 
with φ is largely valid for this analysis.

The pullout phase load in SHCC model (Eq. (3)) can be 
modified to account for m, as shown in Eq. (5). The pullout 
behavior of Specimen 43 computed using HSHDC model 
(with m = 386 N/(m-rad)) is plotted in Fig. 9(a), which satis-
factorily fits the observed curve.

0 0 0 0

0

[1 ( )][ ( )] ( )f
pullout f eP d u u L u u e u u

u u

φ= π t + β − − − + mφ −

∀ >   (5)

A plausible physical explanation for the inclination-depen-
dent hardening mechanism follows. Due to the increase 
in tip sharpness of the matrix wedge (Fig. 11(a)) with an 
increase in fiber inclination angle, there is an increase in the 
clamping effect at the wedge tip as it digs into the fiber in the 
transverse direction (depicted exaggeratedly in Fig. 11(b)). 
This clamping force also increases with an increase in slip 
(u – u0) because of the degradation of the fiber cross section 
and resulting blockage of the fiber exit point. As a result, 
the cross section of the embedded fiber segment slowly 
reduces, causing a pencil-tip shape along the length of the 
fiber (Fig. 11(c)). This explanation is supported by the elec-
tron micrographs (Fig. 6), displaying the pulled-out ends of 
representative fibers that had been embedded in the matrix 
at each of the inclinations used in this study. These micro-
graphs were obtained using a scanning electron microscope 
(SEM). The micrographs clearly show that the degrada-
tion of the fiber increases (in spite of similar embedment 
lengths) with inclination angle and slip, which supports the 
mathematical formulation (Eq. (5)) and the aforementioned 
physical explanation.

This mechanism is in contrast with the microspalling 
phenomenon20 (Fig. 11(d)) observed in polymer fiber pullout 
in the moderate-strength SHCC matrix. In SHCC, the fiber 
is stronger than the matrix wedge tip and spalls the matrix, 
causing a slight softening of the pullout load curve, whereas 
in HSHDC, the very-high-strength matrix (almost twice 
the fracture toughness as SHCC) resists the spalling and, 
instead, clamps the fiber, causing hardening of the pullout 
load curve.

Single-crack test results
The bridging stress (s)-crack opening (δ) relation (s-δ 

curve) of HSHDC was empirically determined from six 
single-crack tests with notched rectangular coupons (Fig. 4) 
tested under direct tension. All the six measured curves are 
shown in Fig. 12, along with the computed curves (shown 
by dashed lines) based on an analytical model detailed in 
the next section. Two distinct phases are observed in the 
measured curves. Initially, when the ligament is uncracked, 
the tensile load rises elastically with applied displacement as 
the cementitious matrix carries the majority of the load. This 
is accompanied by a proportional increase in stress inten-

Fig. 10—Deduction of inclination hardening parameter m. 
(Note: 1 N/m = 0.0685 lb/ft.)

Fig. 11—Schematic depiction of inclination-dependent hardening mechanism: (a) HSHDC 
matrix wedge at u = u0; (b) fiber degradation at u > u0; (c) pencil-tip-shaped pulled-out 
fiber end; and (d) microspall phenomenon observed in SHCC.20
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sity at the notch tip. Once the stress intensity exceeds the 
fracture toughness of the matrix, sudden crack propagation 
occurs, resulting in loss of tensile stress previously carried 
by the matrix (Fig. 12). After this point, applied tensile 
load is in equilibrium with bridging stress s transferred by 
the fibers across the crack. The tensile load increases again 
with increasing crack opening δ until the collective bridging 
capacity of the fibers is exhausted. The bridging stress gradu-
ally decreases after this point as an increasing number of fibers 
are either pulled out or broken. For the multiple cracking 
criteria discussed in the following, only the portion of the 
s-δ curve up to the bridging capacity is relevant. The average 
bridging capacity (peak of s-δ curve) thus measured at the 
notched sections of the six specimens is 13.8 MPa (2.0 ksi).

ANALYTICAL INVESTIGATION
The objective of this analytical investigation is to predict 

the s-δ relation of HSHDC using a statistical scale-linking 
model (Eq. (6)).12 The deduced fiber/matrix interaction 
properties described in previous sections are used as inputs 
in this model.

 /2 ( /2)cos( )
0 0( ) ( ) ( ) ( )ff L

f

V
P u p z p dzd

A
π φs δ = φ φ∫ ∫

 
(6)

where δ is the crack opening equal to the sum of fiber pullout 
relative displacements (u1 and u2) on both sides of the crack 

(compatibility). P(u) is the single-fiber pullout load modeled 
by Eq. (1) and (5). By enforcing the equilibrium condition 
P(u1) = P(u2), u1 and u2 are determined, as detailed in Yang 
et al.20 Le is the shorter of the two embedment lengths on 
either side of the crack. p(z) is the distribution of embedded 
fiber’s centroidal distance from the crack plane (assumed to 
be 2/Lf).12 The probability density function p(φ) mathemati-
cally describes the fiber inclination distribution in HSHDC 
coupon specimens (which were used in the aforementioned 
single-crack tests) determined as explained as follows.

The fiber inclination distribution p(φ) was experimen-
tally determined (Fig. 13) using fluorescence microscopy 
employing the method described in Lee et al.21 The spec-
imen preparation and analysis procedures are described in 
Ranade et al.22 Best-fit continuous functions for the observed 
inclination distribution in HSHDC coupons are given by 
Eq. (7) and plotted (as a solid line) in Fig. 13 along with 
the typically assumed theoretical two-dimensional (2-D) 
(p(φ) = 2/π) and three-dimensional (3-D) (p(φ) = sin(φ)) 
uniformly random distributions. The best-fit distribution in 
HSHDC coupons is modeled as a linear combination of the 
2-D and 3-D uniformly random distributions. The reason for 
restricting the 3-D distribution at 54 degrees is the obser-
vation of distinct drop in histogram after the class interval 
of 45 to 54 degrees (with the class mark of 49.5 degrees), 
which may be caused by the limited thickness (12.7 mm 
[0.5 in.]) of coupons. The weights for 2-D and 3-D distri-
butions are determined using least-square estimation in one 
variable, w, to best fit the observed distribution. The best-fit 
value of w is 0.73 for HSHDC coupons.

( ) (2 / ) (1 )sin( ) / [cos(0 ) cos(54 )]   [0 ,54 ]
( ) (2 / )                                                          (54 ,90 ]

p w w
p w

φ = π + − φ ° − ° ∀φ ∈ ° °
φ = π ∀φ ∈ ° °   (7)

Equation (6) is numerically computed to yield the s-δ 
relation (for Vf = 2%) of HSHDC coupon specimens using 
both the HSHDC model (incorporating inclination-depen-
dent hardening) and the SHCC model. Both the modeled 
curves are plotted (dashed lines) in Fig. 12 along with exper-
imentally determined s-δ relations using single-crack tests. 
The s-δ curve computed using the HSHDC model fits the 
observed curves more closely than the curve computed using 
the SHCC model, which further supports the aforemen-
tioned inclination-dependent hardening mechanism unique 
to HSHDC. The bridging capacity s0 (at δ0 = 338 mm) of the 
computed curve is 13.0 MPa (1.9 ksi) for the HSHDC model 
and 12.0 MPa (1.7 ksi) for the SHCC model.

The computed curve using HSHDC model is initially 
steeper than the experimental curves. This behavior has been 
previously explained by Cook-Gordon effect,20 in which 
premature fiber/matrix interface debonding results in wider 
crack opening. The Cook-Gordon effect is not included in 
the computed s-δ curves. In spite of higher initial slope 
of the computed s-δ curve, it achieves a bridging capacity 
[13.0 MPa (1.9 ksi)] similar to experimental curves as it is 
governed by the strength and geometry of the fibers, interfa-
cial bond, and hardening properties. The higher slope of the 
computed s-δ curve results in a conservative estimate of the 
complimentary energy (discussed in the following), which 
is desirable for checking the energy criterion of steady-state 
crack propagation. The softening branch (post-peak) of the 
computed curve overshoots the observed bridging stress. 
This may be caused by the frictional pullout load decay 

Fig. 12—Measured and computed (using SHCC and HSHDC 
models) crack-bridging relation of HSHDC rectangular 
coupons. (Note: 1 MPa = 145 psi; 1 mm = 3.9 × 10–5 in.)

Fig. 13—Observed and best-fit fiber inclination distributions.
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with additional slippage caused by the Cook-Gordon effect 
in the softening phase.23 Overall, the computed s-δ curve 
of HSHDC shows a good agreement with the experimental 
curves and is a useful tool for evaluating strain hardening 
criteria, as discussed in the following.

DISCUSSION OF RESULTS
Detailed comments and discussion of experimental 

results have been included in the previous sections. In this 
section, the analytically computed s-δ relation of HSHDC 
is discussed in light of the two necessary micromechanics-
based conditions for multiple cracking to establish a micro-
mechanics basis for the high tensile ductility of HSHDC 
(Fig. 1) reported in Ranade et al.7 The two conditions are the 
strength criterion and the energy criterion.24

The strength criterion (Eq. (8)) to form more than one 
crack requires that the crack initiation stress (sci(fc)) for the 
first crack is lower than the minimum bridging capacity, 
min(s0).24 Stronger inequality implies that more margin is 
available to trigger multiple cracks.

	 sci(fc) ≤ min(s0)                               (8)

The variable sci varies in an HSHDC specimen from one 
defect to another due to the difference in defect sizes caused 
by trapped air voids, interfacial weakness, and other reasons. 
The first crack is typically formed at the largest defect site 
at stress sci(fc), which is reported in a companion paper7 as 
8.4 MPa (1.2 ksi). The variable s0 (Fig. 12) also varies in 
a specimen due to a varying number of fibers at each cross 
section caused by inhomogeneous distribution of fibers in the 
matrix. Among all the cracks formed, the weakest bridged 
crack is typically the one with the least number of effec-
tive bridging fibers (least fiber-volume fraction Vf). Through 
fluorescence microscopy and statistical analysis (Fig. A2 in 
the Appendix), it was determined that more than 97% of 
the HSHDC sections (two standard deviations more than 
the average) have an effective volume fraction of 1.7% or 
higher. The min(s0) can therefore be computed to be equal 
to 11.0 MPa (1.6 ksi) using the computed s0 of 13.0 MPa 
(1.9 ksi) for Vf = 2% (13 MPa × 1.7/2 = 11 MPa). Hence, 
min(s0)/sci(fc) for HSHDC is equal to 1.3, which not only 
satisfies the strength criterion in Eq. (8) but also represents a 
stronger inequality of min(s0)/sci(fc) > 1.2 required for robust 
multiple cracking.24

The second criterion for multiple cracking is the energy 
criterion represented by Eq. (9).

0
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0

( )m
m tip b

m
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G J J d

E

δ

= ≈ ≤ = s δ − s δ δ′ ∫   (9)

It is based on the path-independent J-integral formulation 
of the steady-state crack propagation problem in compos-
ites.25 In essence, the energy criterion requires that the total 
available crack-driving energy Jb′ should be greater than 
the composite’s resistance to crack propagation, Jtip. The 
available crack-driving energy (also known as complemen-
tary energy Jb′) can be interpreted as elastic strain energy 
released during steady-state crack propagation (s0 times δ0 
[Fig. 12]) less that absorbed by the bridging fibers (the integral 
term in Eq. (9)) near the crack tip as the crack opens up to the 
value of δ0.13 Jtip can be approximated to Gm (fracture energy 
of the matrix) in the case of brittle matrix composites 

such as HSHDC and SHCC with low fiber volumes (2%). 
Gm can be estimated in terms of matrix fracture tough-
ness Km and matrix modulus Em as Km

2/Em. Km for the 
HSHDC matrix is 1.1 MPa√m (1.0 ksi√in.), experimen-
tally determined using notched beam specimens following 
the ASTM E39926 procedure. Em is assumed equal to the 
composite tensile modulus Ec, as the fiber-volume fraction 
is very small (2%). In Ranade et al.,7 Ec is reported equal to 
48.4 GPa (7018 ksi). Thus, Gm is computed equal to 25 J/m2 
(0.14 psi-in.). Complementary energy Jb′, corresponding to 
Vf = 1.7% (Jb′ increases with Vf for HSHDC), is numerically 
computed equal to 682 J/m2 (3.9 psi-in.) by subtracting the 
area under the s-δ curve from the product of s0δ0. There-
fore, Jb′/Jtip is 27, which comfortably satisfies the energy 
criterion of Eq. (9) and the more stringent requirement of 
Jb′/Jtip > 3 for robust multiple cracking.24

The properties of min(s0) and Jb′ are computed previously 
for a rectangular coupon specimen of HSHDC, which can 
vary depending on the fiber distributions (Fig. 13). For theo-
retical 2-D distribution and Vf = 1.7% (assuming similar vari-
ability as coupon specimens), the min(s0) and Jb′ computed 
for HSHDC are 10.2 MPa (1.5 ksi) and 581 J/m2 (3.3 psi-in.), 
respectively, and that for theoretical 3-D distribution are 
9.4 MPa (1.3 ksi) and 468 J/m2 (2.7 psi-in.), respectively. 
Both the necessary conditions of multiple cracking are satis-
fied in HSHDC when either of the two theoretical distribu-
tions is used for computations.

SUMMARY AND CONCLUSIONS
In this study, a detailed micromechanics-based analysis of 

HSHDC was performed to determine the microscale fiber/
matrix interaction properties and mechanisms, which explain 
the experimentally observed macroscopic composite tensile 
ductility (3.4% tensile strain capacity) of this material in spite 
of its very high compressive strength (166 MPa [24.1 ksi]). 
The following conclusions can be drawn.
• The experimentally determined average interfacial fric-

tional bond t0 between the PE fiber and HSHDC matrix 
is 1.52 MPa (220 psi). Such high interfacial frictional 
bond facilitated by dense particle packing of the very-
high-strength matrix, accompanied by a negligible 
chemical bond Gd, results in a high complementary 
energy Jb′, favorable for macroscopic strain-hardening 
response of HSHDC under direct tension. For compar-
ison, the measured t0 for the same fiber in a moderate-
strength matrix has been reported to be 0.54 to 0.76 MPa 
(78 to 110 psi).27 Other fiber/matrix interaction proper-
ties of HSHDC determined in this research are snub-
bing coefficient (f = 0.59) and slip-hardening param-
eter (β = 0.003). All micromechanical properties show 
wide scatter due to material inhomogeneity (similar to 
SHCC) at the microlength scale.

• A new inclination-dependent hardening mechanism of 
fiber pullout in HSHDC is proposed, as the existing 
fiber/matrix interaction mechanisms developed for 
SHCC are insufficient in completely describing the 
experimentally observed inclined fiber-pullout behavior 
of PE fibers embedded in a very-high-strength HSHDC 
matrix. The SHCC micromechanical model in the 
pullout phase is modified to incorporate this mechanism. 
The SEM micrographs provide evidence for this mech-
anism and its mathematical formulation. The closer 
match of the experimental curves to the computed s-δ 
relation obtained using the modified HSHDC pullout 
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model when compared with that from the SHCC model 
provides further support to this mechanism. The newly 
defined inclination hardening parameter m (constant 
property of the composite) is 386 N/(m-rad) (26.4 lb/
(ft-rad)) for HSHDC.

• The min(s0) (11.0 MPa [1.6 ksi]) and Jb′ (682 J/m2 
[3.9 psi-in.]) determined for HSHDC satisfy the neces-
sary conditions for robust multiple cracking, thus 
providing a rational basis for the observed composite 
tensile ductility of HSHDC. It is further concluded that 
in spite of a higher matrix toughness compared with 
SHCC, HSHDC maintains tensile ductility by enhanced 
fiber bridging with a strong interfacial frictional bond 
and fiber strength.
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APPENDIX 1 

             2 

                (a)  = 0°; Le = 1.8 to 3 mm                                       (b)  = 0°; Le = 3 to 4 mm 3 

 4 

               5 

                (c)  = 0°; Le = 4 to 5.5 mm                                       (d)  = 0°; Le = 5.5 to 7 mm 6 

  7 
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              1 

                            (e)  = 14°                                                                 (f)  = 27° 2 

 3 

              4 

                            (g)  = 37°                                                                  (h)  = 45° 5 

Fig. A1–Complete single fiber pullout test curves for various fiber inclination angles () 6 

and embedment lengths (Le)  7 

 8 
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 1 

Fig. A2–Fiber number in HSHDC for various inclination distributions 2 

* The horizontal lines corresponding to “Coupons”, “2D”, and “3D” distributions are computed 3 

using theoretical formula of ηfVf/Af where Vf = 2%, Af is the fiber cross-sectional area, and 4 

bridging efficiency, 
/2 ( /2)cos( )

0 0
( ) ( )

fL

f p z p dzd
 

      5 

** The standard deviation (SD) of 6.0% (of mean) is modified to 7.0% to account for the limited 6 

number of observations (12) in accordance with the statistical theory (using modification factor 7 

of 1.16); thus, 2.SD = 14%. However, the observed average of 2156 fibers/cm2 is 97% of the 8 

computed average of 2205 fibers/cm2 [assuming observed p() and Vf = 2%]. Thus, min(Vf) = 9 

[(1-0.14)(2156)/2205].2% = 1.7%. 10 
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Table A1–Summary of single-fiber pullout test results 1 

Fig. A1 Specimen Embedment Inclination Peak Debond Slip Hardening ( )
ln

(0)
peak

peak

P

P


*1 

.*2

Number Number Length (Le) Angle () Load (Ppeak) Parameter () 
 mm deg  N N/m 

(a) 

1 1.9 0 0.35 0.0305 

Not applicable 
for = 0° 

Not applicable 
for = 0° 

2 2.1 0 0.32 0.0087 
3 2.3 0 0.48 0.0242 
4 2.6 0 0.40 0.0063 
5 2.6 0 0.28 0.0041 
6 2.8 0 0.41 0.0059 
7 3.0 0 0.28 -0.0049 

(b) 

8 3.1 0 0.35 0.0023 
9 3.1 0 0.32 0.0013 

10 3.2 0 0.43 0.0035 
11 3.6 0 0.46 -0.0016 
12 3.8 0 0.63 0.0055 
13 3.9 0 0.39 -0.0003 
14 3.9 0 0.34 N/C*3

(c) 

15 4.5 0 0.53 -0.0023 
16 4.6 0 0.69 -0.0003 
17 4.7 0 0.61 -0.0001 
18 4.8 0 0.85 0.0029 
19 4.8 0 0.54 N/C 
20 5.0 0 0.69 0.0002 
21 5.3 0 0.67 -0.0021 
22 5.4 0 0.85 0.0012 

(d) 

23 5.6 0 0.58 -0.0032 
24 5.7 0 0.76 0.0018 
25 5.8 0 0.87 0.0025 
26 6.1 0 0.85 -0.0020 
27 6.2 0 1.00 N/C 
28 6.2 0 0.87 0.0007 
29 6.5 0 0.89 0.0013 
30 7.0 0 0.94 N/C 

(e) 

31 2.5 14 0.33 

Assumed same 
as the average 

value for 
aligned fibers 

-0.02 76 
32 3.4 14 0.49 0.06 84 
33 4.3 14 0.66 0.14 17 
34 5.1 14 0.87 0.24 68 
35 5.2 14 0.73 0.04 114 

(f) 

36 3.1 27 0.64 0.42 225 
37 4.2 27 0.67 0.16 131 
38 4.7 27 0.87 0.31 109 
39 5.1 27 N/C N/C N/C 
40 5.3 27 1.11 0.44 84 

(g) 

41 2.8 37 0.44 0.14 262 
42 3.1 37 0.62 0.41 275 
43 3.2 37 0.59 0.32 239 
44 4.0 37 0.88 0.50 370 
45 4.4 37 N/C N/C N/C 

(h) 

46 2.7 45 0.77 0.74 334 
47 3.1 45 0.70 0.53 291 
48 2.8 45 0.80 0.75 380 
49 4.0 45 0.63 0.17 318 
50 5.5 45 0.90 0.19 219 

*1 Ppeak(0) is the theoretical peak debond load of an aligned fiber ( = 0°) of the same embedment length 2 
as the inclined fiber assuming 0 = 1.53 MPa.  3 
*2 . is the product of the inclination hardening parameter and inclination angle  (radians). 4 
*3 N/C means “Not Computable” because of premature fiber breakage before complete debonding. 5 


