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Abstract

A model has been formulated for analyzing the influence of fiber inclination angle on its rupture load in fiber reinforced cemen-
titious composite. As a stiff fiber is pulled with an angle to the direction of pulling, the fiber rupture load decreases compared to the
case with zero inclination angles. This phenomenon is called fiber apparent strength (defined as rupture load divided by fiber cross-

section area) degradation. A parametric study, including the influence of elastic moduli of fiber and matrix, fiber/matrix interfacial
bond strength as well as fiber orientation in matrix on the fiber apparent strength is carried out. The model results indicate that with
the increase of fiber inclination angle, fiber apparent strength decreases. In addition, fiber apparent strength degradation degree is

influenced by the elastic moduli of fiber and matrix and fiber/matrix interfacial bond strength. A fiber rupture test of carbon fiber in
cementitious matrix was used for model verification. Model predictions based on independent parametric input compare favorably
with experimental measurements of fiber apparent strength. # 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Incorporation of fibers in cement-based matrix has
been found to improve several of its properties, pri-
marily toughness, pseudo strain hardening, shear
strength as well as impact and fatigue resistance [1–4].
For this reason fiber reinforced cementitious composites
is now being used in increasing amounts in structures.
The major effect of fibers is to act as bridging elements
(ligaments) behind crack tips to resist crack propaga-
tion. Therefore, the structural performance of fiber
reinforced composites are strongly controlled by the
bridging behavior of the fibers which cross a matrix
crack. The composite bridging stress by fibers crossing a
crack is composed of the number of unbroken bridging
fibers and the bridging force of such fibers for a given
crack opening.
In a composite with randomly distributed fibers, the

fiber inclination angle, i.e. the orientation angle relative

to the normal of the crack plane, can have any value
between 0 and �/2. Various investigations have shown
that fiber inclined at an angle to the matrix crack plane
leads to an increase in the bridging force. The mechan-
isms of the above results may include two parts. First,
as described by Morton et al. [5], Brandt [6] and Li et al.
[7], when a fiber is pulled out at an angle to the crack
plane, there is an additional normal force acting on the
surface of fiber which is provided by the matrix wedge
near the fiber exit point due to the change of direction in
fiber pull-out. Thus, a complementary friction is devel-
oped between fiber and matrix during fiber pullout. The
influence of this friction on the bridging force depends
on the interfacial properties of fiber and matrix and the
inclination angle. According to Li et al. [7], this effect
could be incorporated into the pullout force by writing

Pðw; �Þ ¼ Pðw; � ¼ 0Þ e
f�

ð1Þ

Where f is associated with the local friction between
fiber and matrix at the fiber exit point, the so-called
snubbing coefficient that can be considered as one of the
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fiber/matrix interaction parameters and which can be
determined experimentally. Second, when non-aligned
rigid fibers, such as carbon and glass fibers, are used, an
additional force arises due to bending of the fibers as the
fibers will have to bend at the cracked surface. The
effect of fiber bending on bridging stress was studied by
Morton and Groves [5]. In general, the bridging force
provided by an inclined fiber can be considered as the
vector sum of two components (see Fig. 1): a debonding
component along the axis of the fiber and a bending
component perpendicular to the fiber direction.
For an inclined flexible fiber, such as polyethylene

(PE) and polyvinyl alcohol (PVA) fibers, the bending
component becomes negligible compared to the debond-
ing component, which is only applied by the local snub-
bing friction at the exit point of the fiber [8]. In this
case, the fiber can be considered as a flexible string pas-
sing over a frictional pulley, and a snubbing friction
model can be derived to relate the peak pullout load to
the fiber inclination angle [7]. For stiff and brittle fibers,
such as carbon and glass fibers, the bending component
cannot be neglected, as the fiber does not bend com-
pletely over the pulley due to its high stiffness [9]. Based
on above descriptions, it can be concluded that fiber
inclination can lead to increase in bridging force, but it
can also lead to higher stress on the fiber due to bending
and therefore higher fiber rupture potential, thus redu-
cing the number of unbroken fibers.
A number of studies had been made in the past to

evaluate the effect of fiber inclination angle on crack
bridging stress in fiber reinforced composites. However,
the effect of fiber inclination angle on fiber rupture has
so far received very little attention. When the fiber axis
is inclined at an angle to the crack plane, fiber flexural
tensile failure or flexural compressive failures may
occur, which lead to the fiber rupture load lower than
that of the aligned fiber, so called apparent strength
degradation [10]. The fiber apparent strength reduction
certainly will influence the fiber bridging stress because
this governs the amount of fibers being pulled out.
Therefore, this has to be taken into account in compo-
site design. Fiber apparent strength reduction had been
found in glass-polyester, carbon–cement composites due
to the bending moment [9,11]. To properly determine

the fiber bridging stress on crack plane, it is necessary to
account for any fiber strength reduction, since the fiber
bridging stress is related to fiber strength, embedded
length, bond strength and fiber inclination angle to the
crack plane.
In the present paper, the analytic model based on the

cantilevered beam representation of the fiber will be
adapted to analyze the rupture load of the stiff fiber,
such as carbon and glass fibers under different inclined
angle. The principle goal of the present work is to clar-
ify the bending resulted fiber apparent strength reduc-
tion, including influence of fiber and matrix as well as
fiber/matrix interface properties, such as elastic mod-
ulus of fiber and matrix, fiber/matrix bond strength. In
addition, the influence of fiber inclination angle on fiber
critical embedment length is discussed.

2. Derivation of the model

In the analysis, the fiber is separated into two free
bodies at the middle of the crack (Fig. 1). Similar to the
approach proposed by Katz and Li [9], each part of the
fiber is then simulated as an elastic beam, partially sup-
ported on a matrix foundation and partially cantilev-
ered free. Following Morton and Groves [5], the
deflection at free end, �, and free portion length, l, can
be expressed in terms of the crack width, w, and the
fiber diameter, df, as:

� ¼
1

2
w sin �ð Þ; l ¼

1

2
df tan �ð Þ þ w cos �ð Þ
� �

ð2Þ

With reference to Fig. 2, the cantilevered part of the
beam is subjected to axial load, N and bending load P.
The supported part is subjected to the axial load N,
shear load V, and bending momentM, transferred from
the cantilevered part.
The deflection of the supported part as a result of

shear load V and bending moment M are [12]

Fig. 1. Bending of fiber across crack. Fig. 2. Loads of supported and cantilevered parts of fiber as pulled.
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ys ¼
2l
k

Vþ lMð Þe�lxscos lxsð Þ �Mlsin lxsð Þ
� �

ð3Þ

where l ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k=4Ef If

p
; k is stiffness of matrix foundation;

and Ef and If are the modulus of elasticity and moment
of inertia of the fiber, respectively.
For the cantilevered part of the fiber, the moment in

the fiber can be expressed in terms of bending load P
and axial load N at the fiber end, xc =0, i.e.

M xcð Þ ¼ �EfIf
d2yc
dxc

¼ �Nyc þ Pxc ð4Þ

Solving Eq. (4) with boundary conditions of yc=0 at
xc=0, the deflection along the cantilevered part can be
expressed as

yc ¼ 2C sinhðmxcÞ þ
P

N
xc ð5Þ

where m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N=EfIf

p
.

From Eqs. (3) and (5), using the conditions

dys
dxs

xs ¼ 0ð Þ ¼
dyc
dxc

xc ¼ lð Þ

ys xs ¼ 0ð Þ þ yc xc ¼ lð Þ ¼ �

and note V=P, the unknown momentM, bending load,
P and integration constant C can be expressed as a
function of axial load, N and fiber deflection � as well as
cantilevered length l. Finally, we get:

P ¼
�

K2
;M ¼ �2K1PN sinhðmlÞ ð6Þ

where

K2 ¼ �
4l
k
K1N m coshðmlÞ þ l sinhðmlÞ½ �

þ 2K1 sinhðmlÞ þ
l

N

K1 ¼

�
�
4l2N2

k
m coshðmlÞ þ l sinhðmlÞ½ �

� 2Nm coshðmlÞ

��1

Here � and l can be related to crack opening, w and
inclined angle � by Eq. (2). The axial load N can be
related to crack opening w for a given fiber-matrix bond
strength � and chemical bond energy Gd [13], that is

N ¼
�

2
ð1þ �ÞEfd

3
f �wþ

2Gd
1þ �

� �	 
1
2

e f � for 04w4wfd

N ¼ �df�ðL� wþ wfdÞe
f � for wfd < w < Lþ wfd

ð7Þ

where wfd is the crack opening corresponding to full
debonding of shorter embedment length L of the fiber.
It is given by

wfd ¼
4�L2ð1þ �Þ

Ef df
þ

32GdL
2ð1þ �Þ

Ef df

	 
1
2

ð8Þ

�=Vf Ef/Vm Em, Vf, Ef and Vm, Em are the volume
fractions and elastic modulus of fiber and matrix
respectively. It should be noted that for some kinds of
fiber/matrix systems Gd is equal to zero, such as carbon/
cement matrix and steel fibers/cement matrix interfaces.
And for some others, Gd is greater than zero, such as
glass and polyvinyl alcohol fibers cement matrix sys-
tems. From (7), it can be seen that fiber bridging stress
achieves maximum value at fiber full debonding point
for most fibers with slip-softening fiber/matrix interface,
for example glass, carbon and steel fibers in cementi-
tious matrix. Next, we assume the maximum tensile
stress due to axial pullout load and bending load occurs
at fiber exit point. It is acceptable because even the
maximum moment along the matrix foundation is loca-
ted at a short distance in the matrix, but the axial load is
reduced along this distance due to bond, which in turn
compensates for the increase in the bending stress. The
difference between real maximum stress and the stress
calculated at the fiber exit point is less than 5% [9]. This
difference is ignored without loss of accuracy. Then the
maximum tensile stress in the fiber can be calculated by


m ¼
Mdf
2If

þ
4N

�d2f
ð9Þ

Thus, if 
m ¼ 
f, the fiber will breakage. The corre-
sponded maximum fiber bridging force Fm can be cal-
culated through

Fm ¼ Pm sin� þNm cos� ð10Þ

Where Pm and Nm are the bending and axial loads
corresponding to that 
m equals to the fiber strength 
f.
If we further define the fiber apparent strength [10] 
fa
as Fm/Af, then


fa ¼
1

Af
Pm sin� þNm cos�ð Þ ð11Þ

In addition, in terms of debonding length l, the axial
load N can be expressed as [13]

N ¼ �df �lþ
1

2
�2GdEf df

� �1=2
" #

e f� ð12Þ

As N achieves Nm, the critical fiber embedment length
lc, which defines as the maximum shorter embedment
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length in matrix as fiber is pulled out instead of rupture,
can be calculated by

lc ¼ Nme
�f� �

�ffiffiffi
2

p Ef dfGd
 �1=2

=�df � ð13Þ

The determination of fiber apparent strength in
matrix as a function of fiber inclination angle is per-
formed according to the following algorithm. For given
fiber inclination angle, sufficient fiber embedment length
and fiber, matrix as well as fiber/matrix interface prop-
erties, the axial load N can easily be calculated by (7)
with a given crack opening w (0<w<wfd). The corre-
sponded values, such as P, M and 
m as well as F can
then be determined by using (6), (8) and (10). With the
increase of crack opening w, 
m increases as well until
the fiber strength 
f is achieved. Thus, the fiber apparent
strength can be obtained by (11). Corresponded critical
fiber embedded length lc can then be calculated by (13).

3. Model results and discussions

As an example, carbon fiber in cement matrix is used
to analyze the influence of fiber orientation angle on its
rupture load during fiber pullout. The fiber, matrix and
fiber/matrix interfacial properties used in the analysis
are listed in Table 1, where k/Em=0.25. Typical model
result of inclination angle effect on carbon fiber rupture
load in cement matrix in terms of fiber apparent
strength and inclination angle diagram is shown in
Fig. 3. The influence of inclination angle on fiber critical
embedment length is shown in Fig. 4, where three dif-
ferent cases, i.e. with snubbing and bending effect, with
snubbing effect only and without either of both are
shown together. From the model result, it can be seen
that the fiber apparent strength decreases with the
increase of fiber inclination angle. The behavior of this
fiber apparent strength degradation due to bending can
be generalized as a fast dropping stage (within 10 	)
followed by a relative stable decreasing stage. Using the
parameters listed in Table 1 as model input, the fiber
apparent strength is shown to reduce by 50% or more
for fiber inclination angle greater than 10 	. The corre-
sponded fiber critical embedded length changes from 26
to 10 mm as fiber inclination angle varies from 0 to 10 	.
The fiber critical embedded length achieves the mini-
mum value (5 mm) at 60–80 	. The result indicates that
with the increase of fiber inclination angle (from 0 to 80 	),

the maximum normal force Nm to break the fiber
decreases. It is noted that as the angle greater than 80 	,
the fiber critical embedded length starts to increase
again with the increase of inclination angle. This physi-
cally indicates that the required normal force Nm
increases with the increase of angle after 80 	. From the
model predictions, it can easily find that under the same
angle, the critical fiber embedment length in the threes
cases are obviously different. Snubbing leads to critical
fiber embedment length decrease and bending the stiff
fiber leads to further reduction. The influence of fiber
bending during pullout from matrix is more significant
than the influence of snubbing for those kinds of fibers.
These analytical results indicate that the influence of
fiber inclination angle on both fiber rupture load and
critical embedment length cannot be ignored. As fibers
are pulled out from matrix, the higher the fiber orienta-
tion angle, the more the fibers are broken. This behavior
has to be taken into account in material design with
crack bridging mechanics of fiber reinforced compo-
sites. In the following, the influences of material para-
meters of both fiber and matrix as well as fiber/matrix
interface on the fiber apparent strength are investigated
separately.

Table 1

Material parameters used in the analysis

Items df
(mm)

Ef
(GPa)

Em
(GPa)

k

(GPa)


f
(MPa)

�

(MPa)

Gd
(J/m2)

f

Value 0.046 175 30 7.5 930 0.4 0 0.5

Fig. 3. Effect of inclination angle on carbon fiber apparent strength.

Fig. 4. Influence of inclination angle on carbon fiber critical embed-

ment length.
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3.1. Influence of elastic moduli of fiber and matrix

It is well known that the elastic modulus of cementi-
tious matrix depends on a number of material para-
meters including water/cement ratio, sand content and
matrix age since casting. Therefore the effect of matrix
modulus on the fiber apparent strength degradation is
obviously of importance. In addition, fiber elastic mod-
ulus is one of the principle material constituent proper-
ties. To study the effect of fiber modulus on fiber
rupture load is valuable to both fiber development and
composite performance optimization. The effect of
matrix modulus on fiber apparent strength is shown in
Fig. 5. The fiber parameters used in the calculation are
the same as those given in Table 1 except for the change
in the matrix modulus as indicated in the figure. From
this model simulation, it can be seen that the fiber
apparent tensile strength degradation is exasperated by
the increase of matrix elastic modulus. It indicates that
lowering the matrix modulus can lead to enhancement
of the fiber apparent strength. Thus, the amount of
fibers be pulled out instead of broken can be increased
and the fracture toughness of the composite can then be
improved. Therefore, it can be concluded that fiber
behavior in mortar should be better than in concrete not
only due to the difference on fiber volume content, but
also due to the above reason. In addition, Observation
of the influence of matrix modulus on fiber rupture may
also be generalized to the increase potential of fiber
rupture with age of composite, since the matrix stiffness
should gain with time during curing.
Similarly, the influence of fiber modulus on apparent

strength is shown in Fig. 6. The fiber and matrix para-
meters used in the modeling are the same as those listed
in Table 1 except that the fiber modulus is treated as the
variable parameter. From Fig. 6, we can see that with
increase of fiber modulus, the fiber apparent strength
increases. In the view of this point, rising fiber modulus
is of benefit to improve composite performance.

3.2. Influence of fiber/matrix interfacial parameters

As an important micro material property, fiber/matrix
bond parameter has been extensively investigated by
researchers. Up to now, it is possible to tailor the fiber/
matrix interface by a number of techniques, such as
plasma treatment and fiber surface coating [14,15]. In
this section, the influence of fiber/matrix interfacial
bond strength on the fiber apparent strength degrada-
tion behavior will be studied using the above model. As
an example, assuming a carbon fiber in cement matrix,
the influence of fiber/matrix interfacial bond strength �
is shown in Fig. 7. The fiber and matrix material para-
meters used in the analysis are the same as those listed
in Table 1 except that the bond strength is treated as a
variable parameter. From Fig. 7, it can be seen that the

influence of fiber/matrix interfacial bond strength on the
fiber apparent strength and inclination angle relation-
ship is quite significant. With the increase of bond
strength, fiber apparent strength increases. Therefore, it
can be concluded that increasing the fiber/matrix bond
strength leads to a decrease in fiber apparent strength
degradation due to bending. However, high bond
between fiber and surrounded matrix may result in more
fiber breakage than low bond case as fiber pullout from
matrix. All material parameters have to be considered
synthetically in material design.

Fig. 5. Effect of matrix elastic modulus on fiber apparent strength.

Fig. 6. Effect of fiber elastic modulus on fiber apparent strength.

Fig. 7. Effect of fiber/matrix bond strength on fiber apparent strength.
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4. Experimental verification

Katz and Li [9] carried out an experimental investi-
gation of the inclination angle effect on fiber rupture
load. The experimental results obtained by the above
study are compared with the model predictions. The
experimental details are briefly summarized as follows.
Carbon fiber and cement matrix were used in their

study. In the specimen, two symmetrical fibers were cast in
matrix with a prescribed angle j to the loading direction,
see Fig. 8. Each part of the matrix was cast separately on
subsequent day and a thin oil layer was applied between
the two matrix parts to minimize the bond between them.
The selected inclination angle was 15, 30, 45, 60 and 75 o.
The specimen was glued to the test machine and direct
tension was applied. The fiber tensile strength, elastic
modulus and diameter was 930 MPa, 175 GPa and 0.046
mm, respectively. Type III cement past with 0.5 water/
cement ratio was utilized to form the matrix. All specimens
were kept in a humid environment until testing day. The
test was carried at seven days after the second cast. More
detailed description on the experiments can be found in [9].
The relevant material parameters of the above fiber

reinforced concrete and mortar used in the model cal-
culations are summarized in Table 2. It is noted that
bond strength between fiber and matrix is based on the
experimental results of single fiber pullout tests [16].
Because the matrix used in the experiments was cement
paste without any aggregate, 20 GPa was used as the
model input value of the matrix elastic modulus. Fig. 9
shows the comparison between model predictions and
experimental results in terms of fiber apparent strength
and inclination angle diagram. It can be seen that a
good agreement between model predictions and inde-
pendent test results is obtained. The present model can

well predict the fiber apparent strength degradation
behavior as fiber pullout from matrix with an inclina-
tion angle to the pulling direction.

5. Conclusions

An analytical study on the effect of fiber inclination
angle in matrix on fiber rupture load has been pre-
sented. As an inclined stiff fiber is pulled, due to the
effect of bending, fiber rupture load is significantly
reduced compared to the case of fibers with zero incli-
nation angle. This is called fiber apparent strength
degradation. Due to the fiber apparent strength degra-
dation with the increase of fiber orientation angle, the
critical fiber embedement length decreases.
Parametric study with the present model yields the

following conclusions.
With the same fiber geometry and inclination angle,

the higher the modulus of matrix, the lower the fiber
apparent strength. Conversely, with the increase of fiber
modulus, the fiber apparent strength increases. An
increase in the fiber/matrix bond strength leads to a
higher fiber apparent strength.
Model predictions were compared with independent

experimental results and good correlation between
model and experiments was found. The model can be
used in both material optimizing and performance pre-
diction with regard to the influence of fiber inclination
angle on fiber rupture load.
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Fig. 9. Comparison between model prediction and experimental

results on fiber apparent strength.Table 2

Summary of material parameters used in the experiments

Items df
(mm)

Ef
(GPa)

Em
(GPa)

k

(GPa)


f
(MPa)

�

(MPa)

Gd
(J/m2)

f

Value 0.046 175 20 5.0 930 0.4 0 0.5

Fig. 8. Test setup for fiber rupture.
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